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Abstract. In this sequel to 1201 . we construct an equivariant colored sl{N)- 
homology for links, which generalizes both the colored s[(A'^)-homology in |20| 
and the equivariant 3[(Af)-homology in [8]. The construction is a straight- 
forward generalization of |20) . The proof of invariance is based on a simple 
observation which allows us to translate the proof in I20| into the new setting. 

As an application, we prove that deformations over C of the colored s\{N)- 
homology are link invariants. We also construct a spectral sequence connecting 
the colored sl(Af)-homology to its deformations over C, which generalizes the 
spectral sequence given in [3l 



1. Introduction 

1.1. Background. The s[(Af)-Khovanov-Rozansky homology [6] is a Z®^-gradcd 
homological invariant for links. It catcgorifics the (uncolorcd) single variable sl{N)- 
HOMFLY-PT polynomial and generalizes the Khovanov homology @]. Its con- 
struction in [5] is based on graded matrix factorizations associated to special MOY 
graphs with potentials induced by X^~^^. One can perturb this construction by 
considering matrix factorizations with potentials induced by 

N 

(1.1) fix) = X^+^ + ^(_l)^^^^^±l^B,X^+i-^ 

k=l 

This idea has been explored by Lee [H], Gornik [3], Khovanov [5], Mackaay, Vaz 
[T3] . the author [19] and, more recently, by Krasner [8]. This perturbed construc- 
tion gives homological invariants for links. Their applications can be found in for 
example [H [H [H [H [ig . 

Recently, the author [20] generalized the s((iV)-Khovanov-Rozansky homology 
to an s[(iV)-homology for links colored by positive integers (or, equivalently, wedge 
products of the defining representation of sl{N;C).) The construction is based on 
matrix factorizations associated to general MOY graphs with potentials induced by 

1.2. Main results. In the present paper, we consider the perturbed construction 
based on matrix factorizations with potentials induced by f{X) in the colored 
situation. We take the view that X is a homogeneous indeterminate of degree 2, 
and Bk is a homogeneous indeterminate of degree 2k for each k = 1, . . . , N . We set 
Rb = C[i?i, . . . , Bn]. (Unless otherwise specified, iV is a fixed integer greater than 
or equal to 2 in the rest of this paper.) 
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For a link diagram D colored by positive integers with a marking, this perturbed 
construction gives a bounded chain complex (Cf{D),d) over the homotopy cate- 
gory hmlfigfl of graded matrix factorizations over Rb with potential 0. Cf{D) is 
Z2 ©Z©Z-graded, where the Z2-grading is the Z2-grading of the underlying matrix 
factorizations, the first Z-grading is the total polynomial grading of the underly- 
ing matrix factorizations, and the second Z-grading is the homological grading. 
Moreover, the gradings of the alphabets marking D induce a quantum filtration on 
CfiD). 

Since hmf ^0 is not an abelian category, we can not directly define the homology 
of Cf{D). As in 0, we note that objects of hmfij^^o are chain complexes and denote 
by dmf the differential map of the underlying matrix factorization of Cf{D). Then 
{H(Cf{D), dmf), c?*) is a chain complex of i?B-modules, where is induced by the 
differential map d of Cf{D). Define 

Hf{D)=H{H{Cf{D),dmf),d.). 

We call Hf{D) the equivariant colored s[(iV)-homology of D. It inherits the Z2 ® 
Z © Z-grading and the quantum filtration of Cf{D) and, as we will later explain, 
is a finitely generated i?B-module. 

The following theorem establishes the invariance of Hf{D). 

Theorem 1.1. Let D be a link diagram whose components are colored by positive 
integers, and Cf{D) the chain complex associated to D. Then the homotopy type 
ofCf{D), with its Zi2(B'Zj(B grading, is independent of the choice of marking and 
is invariant under Reidemeister moves. If every component of D is colored by \, 
then Cf{D) is isomorphic to the chain complex defined by Krasner in [S]. 

Consequently, the finitely generated Rb -module Hf{D), with its Z2 © Z ® Z- 
grading, is an invariant for links colored by positive integers. 

For bi,...,bN G C, let tt : Rb — >■ C be the C-algebra homomorphism given 
by 7r(i?i) ~ hi. Then tt induces a functor w : hmffl^.o ~^ hmfc.o- Of course, 
Tu does not preserve total polynomial grading. But, for a link diagram D with a 
marking, the gradings of the alphabets marking D also induce a quantum filtration 
on Cf^Tr{D) := w{Cf{D)). And w preserves the quantum filtration structure. We 
define the homology Hf,T,{D) of Cf^Tr{D) in a procedure similar to that of Hf{D). 
We call -ff/.TT a deformation of the colored s[(A^)-homology over C. As an application 
of Theorem II. 1) we prove the following theorem, which generalizes [19[ Theorems 
1.1 and 1.2]. 

Theorem 1.2. Let D be a link diagram whose components are colored by positive 
integers. Then the homotopy type of Cf^T^{D), with its 7j2-grading, homological 
grading and quantum filtration, is independent of the choice of marking and is 
invariant under Reidemeister moves. If every component of D is colored by 1, then 
Cf^T:{D) is the chain complex defined in jl9| . 

Consequently, the C-.space Hf_T^(D), with its Z2-grading, homological grading and 
quantum filtration, is invariant under all Reidemeister moves. 

Define the total color tc{D) of D to be the sum of the colors of the components 
of D. Then the subspace of Hf^T^{D) of elements of 1i2-degree tc{D) -\- 1 vanishes. 



The total polynomial grading is the sum of the grading of Rg and the grading from the 
alphabets marking the link diagram D. 
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Moreover, the quantum filtration ofCf\TT{D) induces a spectral sequence con- 
verging to Hf^Ti[D) with El-term isomorphic to the colored sl{N) -homology H[D) 
defined in pU] . 

1.3. Structure of the proof. Our proof of Theorem 11.11 is based on a simple 
algebraic observation which allows us to translate the proof of invariance of the 
colored s[(Af)-homology in [5D] into a proof of invariance of the equivariant colored 
5[(A^)-homology. We assume the reader is somewhat familiar with [20] . 

In Section [21 we review algebraic results necessary for the proof. In particular, 
we define in Subsection 12.21 a functor vjq which serves as a translator between 
the colored s[(A^)-homology in [20] and the equivariant colored s[(A^)-homology in 
the present paper. This functor is essentially an explicit generalization of the main 
technique used by Krasner in [8] to prove the invariance of the uncolorcd equivariant 
s[(A'')-homology. 

In Section [HI wc define the matrix factorization C/(r) associated to a MOY 
graph r. This definition is a straightforward generalization of the corresponding 
definition in [5D] . In the remainder of Section [3| and Sections [IHSJ we prove basic 
properties of C/(r) needed for the construction of the equivariant colored 5\.{N)- 
homology. These properties are established, for the most part, by using the functor 
tx7o to translate the corresponding properties in |20| . 

In Sections [6][8l we construct the equivariant colored s[(iV)-homology and prove 
its invariance under Reidemeister moves. This is again done by translating the 
corresponding work in |20] using the functor wq. 

Finally, we prove Theorem 1 1.2 1 in Section [9l The invariance part of Thcorem ll.2l 
follows readily from Theorem 11.11 The purity of the Z2-grading and the spectral 
sequence are established using the methods developed in [3l [19] . 

1.4. Some remarks. To completely understand the present paper, the reader 
needs to understand the techniques developed in |20| . On the other hand, the 
present paper is, in some sense, a "quick" guide to [20] and provides easier access 
to the ideas in |20] with fewer technical details. 

Three versions of the colored s[(Af)-homology appear in this paper. The main 
body of the paper is about the equivariant colored st(A^)-homology Hf defined 
using the chain complex C/. In the construction and proof of invariance of Hj, 
we frequently compare it to the colored s[(Af)-homology H defined using the chain 
complex C. Finally, toward the end, we study the deformation ff/,7r of the colored 
5t(A^)-homology, which is defined using the chain complex C/^,r- The author hopes 
the reader will not be confused by these notations. 

The applications in [TU [TS] [ISl [HI [H] are mostly based on generic deformations 
of the s[(7V)-Khovanov-Rozansky homology. Here, "generic" means that 

, N 
— {n{f{X))) = + 1){X^ + ^(-l)'=6feX^-'^) 

fe=i 

has TV distinct roots over C. This is because Lee [TT] and Gornik |3] constructed 
explicit bases for generic deformations of the s[(Af)-Khovanov-Rozansky homology. 
The author is working to generalize their construction to generic deformations of 
the colored s[(A^)-homology. 

Acknowledgments. I would like to thank Mikhail Khovanov and Daniel Krasner 
for helpful discussions. 
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2. A Little Algebra 

We refer the reader to [20l Sections 2-4] and [El Subsection 2.1-2.2] for the 
definitions and properties of the algebraic structures used in the construction. Here, 
we just add a few things that are not explicitly given in those papers. 

2.1. A new contraction lemma for Koszul matrix factorizations. Several 
versions of the contraction lemma for Koszul matrix factorizations are given in |201 
Propositions 2.19, 2.20, 2.22]. Here, we give a new version of this lemma that 
replaces all the versions in j20j . 

Definition 2.1. Let R = C[Xi, . . . , X„], where Xi, . . . , X„ are homogeneous inde- 
terminates with positive integer degrees. Assume that i? is a commutative graded 
unital ^-algebr43- For a sequence {bi, . . . ,bi} of homogeneous elements of i?, we 
say that (i?, {bi, . . . , 6/}) is a nice pair over R if 

• i? is a free i?-modulc and the grading on R is bounded below, 

• R/{bi, . . . ,bi) is also a commutative graded unital -R-algebra and a free 
ii-module, 

• . . . , 6/} is regular sequence in R/ {Xi, . . . , X„) (see [20l Definition 2.17]), 
where . . . ,bi) and (Xi, . . . , A„) are the ideals of R generated by 6i, . . . , 6/ and 

A'l , . . . , Xn ■ 

Here, we allow n = 0. That is, R = C, R is a graded commutative unital C- 
algebra. In this case, (i?, {6i, . . . , 6/}) is a nice pair over C if . . . , bi} is regular 
sequence in R. 

Before stating the lemma, let us recall the definition of homotopy equivalences 
of matrix factorizations. 

Definition 2.2. A morphism of matrix factorizations ip : M ^ M' is called a 
homotopy equivalence of matrix factorizations if there exists a morphism of matrix 
factorizations Tp : M' — > M such that such that Ip o ip ^ id a/ and o ^ ~ idM' • 

M and M' are called homotopic if there is a homotopy equivalence from M to 
M'. 

Lemma 2.3. Let R = C[Ai, . . . , X„], where Xi, . . . , A„ are homogeneous indeter- 
minates with positive integer degrees, and R a graded commutative unital R-algebra. 
Assume that ai, . . . , Ofe, 6i, . . . , 6^ are homogeneous elements of R satisfying: 

• deg Oj + deg bj = 2N + 2 for all j; 

• Ei=i ajbj = weR; 

• For some 1 < I < k, (R, . . . , fe;}) is a nice pair over R. 

Let R' ~ R/ {bi, . . . ,bi) and P : R ^ R' be the standard quotient map. Then the 
Koszul matrix factorizations 



M = 


1 


0.2 


h \ 

b2 




and M' = 


( Pioi+i) 

P{oi+2) 


P{bi+i) \ 
Pibi+2) 






\ 


Ok 


h ) 


R 




\ P{0k) 


Pibk) ) 


R 



A "commutative graded unital jj-algebra" is a graded commutative ring with 1 equipped 
with a grading preserving injective ring homomorphism j : R R such that = 1. We do not 
distinguish between R and its image in R under j. 
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are homotopic as graded matrix factorizations over R. 

Proof. Wc prove the lemma by modifying the proof of [20l Proposition 2.2]. First, 
we prove the case when 1 = 1. In this case R' = R/{bi) and 



P(a2) Pib2) 
Piak) P{hk) 



R' 

We invoke the "le" notation introduced in [20l Definition 2.4] and define an R- 
module homomorphism G : M M' by 



G(rle) 



P(r)l(,„...,,,) if £1 = 0, 
ifei = l. 



for r € R and e = {ei, . . . ,ek) G l'' ■ It is easy to check that G is surjective, 
commutes with the differential maps and preserves both the Z2 and the total poly- 
nomial gradings. So, in particular, G is a morphism of matrix factorizations over 
R. 

Let S = R/ {Xi, . . . , Xn) and S' = R/ {Xi, . . . , X„, 61), both of which are com- 
mutative graded unital C-algebras. Then P induces a projection p : S S' . 
Denote hy tt : R ^ S the standard projection and by 3 the ideal of R generated 
by Xi, . . . ,X„. Then w € 3, and M/3M and M' /3M' are graded matrix factor- 
izations over C of potential 0, that is, chain complexes. M/3M and M'/3M' are 
given by 



M/3M = 



( ±'\ ifA \ ( (po.)(a2) {po.){b2) 



\ 7r(afc) 7r(6fe) / 



(po7r)(afc) (po7r)(6fc) 



G induces a surjective S'-module homomorphism g : M/3M — !• M' /3M' given 

by 

P('s)l(e2,...,6fc) if £1 = 0, 
ifei = l. 

It is easy to see that g is a chain map that preserves both gradings. The kernel of 
g is the subcomplex 



kerg= (S* ■ 1(1,^,,...,^,) © 7r(6i)5 • 1(0,^2,. 

Recall that, by the definition of nice pairs, 7r(&i) is not a zero-divisor in S. So 
the division map Lp : TT{bi)S — > S given by ip{TT{bi)s) = s is a well defined S'-module 
homomorphism. Define an S'-module homomorphism h : ker g — >■ ker g by 

^(l(l,e2, ...,£..)) = 0' 
^(7r(6l)l(0,e2,...,eO) = 1(1,62,. ..,6*,)- 

Then 

C^lkcrg O h + ho djkcrg = idkcrg, 

where d is the differential map of M/3M. In particular, this means that H(kcr g) = 
0. Then, using the long exact sequence induced by 

-> ker 5 M/3AI M' /3M' 0, 
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it is easy to see that 5 is a quasi-isomorphism. Thus, by |6] Proposition 8] (see [20} 
CoroUary 3.8]), G is a homotopy equivalence of matrix factorizations over R. 

Now we prove the lemma for general 1 < ^ < A:. For 1 < i < Z, let i?.; = 
R/{bi, . . . ,bi) and Pi : R Ri the standard projection. Then Ri — R' and Pi = P. 

Consider the Koszul matrix factorizations A/q = M and Mi over Ri defined by 

/ P,(a,+i) \ 
P,(a,+2) P^ih+2) 



M, 



for 1 < i < L 



V P^iak) Pr{hk) j 



Then M' = Mi . Denote by 3 again the ideal of R generated by Xi, . . . , X„ . By 
the proof of the case I = 1, one can see that, for i = 0, 1, ...,/ — 1, there is an 
i?-module homomorphism Gi : Mi — >■ M^+i that commutes with the differential 
maps, preserves both gradings and induces a quasi-isomorphism gi : Mi/3Mi 
Mij^i/3M.i+i of chain complexes. Define G : M ^ M' by G = G/_i o • • • o Gi o Gq. 
Then G is a morphism of matrix factorizations over R preserving both gradings and 
induces a quasi-isomorphism g = gi^i o ■ ■ ■ o gi o : M/3M — > M' /3M' of chain 
complexes. Thus, by [6l Proposition 8] (see [20l Corollary 3.8]), G is a homotopy 
equivalence of matrix factorizations over R. □ 

Applying the same arguments, we get the following lemma. 

Lemma 2.4. Let R ~ C[Xi, . . . , X„], where Xi, . . . , Xn are homogeneous indeter- 
minates with positive integer degrees, and R a graded commutative unital R-algebra. 
Assume that ai, . . . , a^, 61, . . . , 6^ are homogeneous elements of R satisfying: 

• deg Oj + deg bj = 2N + 2 for all j; 

• J2j=i "j^i = w e R; 

• For some 1 < I < k, (R, {ai. 

Let R' = i?/(ai, . . . , a;) and P . R - 
Koszul matrix factorizations 



. ,a;}) is a nice pair over R. 

R' be the standard quotient map. Then the 



/ 


ai 


6, \ 




( P{ai+i) 


P{bi+i) \ 






02 






P{ai+2) 


P{bi+2) 


{g'(Af+l)-ELldcgQi| 


V 




bk ) 




\ PM 


Pibk) ) 


R.' 



as graded matrix factorizations over R. 

2.2. Graded matrix factorizations over Rb^C-IXi, . . . , Xm]- Recall that Rb = 
C [Bi , . . . , i?Ar] , where Bi is a homogeneous indeterminate of degree 2i . Let Xi , . . . , X„ 
be homogeneous indetcrminates of positive integer degrees. Set R = C[Xi, . . . , Xm] 
and R ~ R(>^c Rb ~ . . . , X„i, Si, ... , Bjy]. Denote by 3b the homogeneous 

ideal of R generated by Bi,. .. ,Bn and by ttq : R ^ R/3b = R the standard 
projection map. Let w be a homogeneous element of R of degree 27V + 2. If M is 
a graded matrix factorization over R with potential w, then M/3bM is a graded 
matrix factorization over R with potential tto{w). 

We call the grading of R and the grading of any graded i?-module the total 
polynomial grading. Also, recall that every matrix factorization comes with a Z2- 
grading. 
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Lemma 2.5. Let M , M' be graded matrix factorizations over R with potential 
w, and ?/) : M — > M' a morphism of matrix factorizations over R preserving both 
gradings. Assume that the total polynomial gradings of M and M' are bounded 
below. Then ip is a homotopy equivalence of matrix factorizations if and only if the 
induced morphism ip : M /'3bM M /3bM is a homotopy equivalence of matrix 
factorizations. 

Proof Write M = M/3bM and M' = M'/3bM'. Let 3 be the maximal ho- 
mogeneous ideal of R generated by Xi, . . . , Bi, . . . , Bn, and J the maximal 
homogeneous ideal of R generated by Xi, . . . , Xm • 

By [SI Proposition 8] (see also [2D1 Corollary 3.8]), ■0 is a homotopy equivalence 
of matrix factorizations if and only if it induces a quasi-isomorphism M/3M 
Af'/3Af', and is a, homotopy equivalence of matrix factorizations if and only 
if it induces a quasi-isomorphism M/3M — > M' /3M'. It is clear that M/3M = 
M/3M, M' /3M' = M' /3M' and ip, ip induce the same chain map. And the lemma 
follows. □ 



Lemma 2.6. Let AI be a graded matrix factorizations over R with potential w. 
Assume that the total polynomial grading of M is bounded below, then we have: 

(a) M is homotopically finite over R if and only if M = M /3bM is homotopically 
finite over R. 

(b) M is null-homotopic over R if and only if M = M/3bM is null-homotopic 
over R. 

Proof. Recall that M is homotopically finite over R if and only if it is homotopic 
over i? to a finitely generated matrix factorization over R. Then, by [B] Proposition 
7] (see also [20l Corollary 3.9]), M is homotopically finite (resp. null-homotopic) 
over R if and only if the homology of M/3M is finite dimensional over C (resp. 
0), and M is homotopically finite (resp. null-homotopic) over R if and only if 
the homology of M/3M is finite dimensional over C (resp. 0). It is clear that 
M/3M = M/3M. And lemma follows. □ 

Corollary 2.7. ttq induces a functor wq : hmi p,^^ hmffl jro(u)); which maps each 
object M ofhmij^ ^ to the object zuq^M) = M/3bM o/ hmf7j^g(^) . 

Proof. This follows easily from Lemma 12.61 and the fact that M/3bM inherits 
the total polynomial grading of M, which is bounded below. (See [101 Definition 
2.30].) □ 



2.3. Schur polynomials of the diflference of two alphabets. Now we review 
the notion of the Schur polynomials associated to the difference of two alphabets. 
For more details, see for example [TO]. 

Recall that, for an alphabet X, the complete symmetric polynomials {ft.fe(X)} are 
the unique symmetric polynomials in X such that 



oo 

^/ife(X)t^ =i/x(t) l[{l^xt)-\ 
fc=o sex 
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For two alphabets X and Y, not necessarily disjoint, define the complete symmetric 
polynomials {/ife(X — ¥)} to be the unique elements of Sym(X|Y) such that 

(2.1) '^^■(^ - ^)^' = jrd = (H (1 - ^^)"') • (H (1 - y*))- 

If X = 0, then hkiD - Y) = hki-Y) = (-l)'^Yfc as in [20l Subsection 4.2], where Yfc 
is the k-th elementary symmetric polynomial in Y. In general, 

k k 

(2.2) hk{X - Y) = ^/ifc_j(X)/ij(-Y) = J2i-'^yYjhk-j{X). 

j=o J=0 

More generally, for a partition A = (Ai > • • ■ > Am), we have the Schur polynomial 
5a (X - Y) given by 

= det(/iA,„,+j(X-Y)) 

/lAi(X-Y) /lAi + l(X-Y) ... /iAi+m-l(X-Y) 

hx,-l{X-Y) hx,(X-V ■■■ /iA.+rn-2(X-Y) 

/lA„-,„+l(X-Y) ;iA„-m+2(X-Y) ... /iA„(X-Y) 

Lemma 2.8. Let X, Y and W be disjoint alphabets. Then, for any partition A = 
(Ai > •■• > Am), 

S'a(X - Y) = S'a((X U W) - (Y U W)). 

Proof. If A = (Ai), that is, A has only one part, then S'a(X — Y) = (X — Y) and 
S'a((X U W) - (Y U W)) = hx, ((X U W) - (Y U W)). In this case, the lemma follows 
easily from the definition of /ife(X — Y) by (|2.ip . Then, for general partitions, the 
lemma follows from the above definition of S'a (X — Y) . □ 

Recall that the power sum symmetric polynomial pk (X) is defined by 

P.(X).|S--^'^ 

The next lemma follows easily from [501 Lemma 4.1]. 
Lemma 2.9. Let . . . , Bj^ be as above. Define 



N 

/(X) = pAr+i(X) + ^(-l)^+l-fc^^S^+i„,p,(X). 
fe=l 

Denote by Xj the j-th elementary symmetric polynomial in X. Then 

^ = (-l)^+i(7V + l)(/i^+i_,(X) +f;(-l)^+i-^-i3^+i_,/.,_,(X)). 
^ fc=i 
// we identify Bk with the k-th elementary symmetric polynomial of an alphabet 
of N indeterminates disjoint from X, then 

df{X) 



= (-l)j"+l(iV+l)/lAr+i_,(X-; 



The following is a slight variant of [101 Proposition Gr5]. 
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Theorem 2.10. [101 Proposition Grb] LetX andM be two disjoint alphabets with 
m and N indeterminates, where m < N . Then the quotient ring 

R := Syni(X|B)/(/iAr(X - B), /iAr_i(X - B), . . . , /iw+i_„(X - B)) 

is a graded-free SymiM) -module. 

Denote by A,„ ^v-m the set of partitions A,„jv_,n = {A | /(A) < m, Ai < N — m}. 
Then 

{5a (X) I A e Arn,N-m} and {5a (X - B) I A G Arn,N-m} 

are two homogeneous bases for the SyTa(M) -module R. In particular, 



R ^ Syni(B){ 



} 



as SymCB) -modules. 

Moreover, there is a unique SymiM) -module homomorphism 

C : i? ^ Sym(B), 
called the Sylvester operator, such that, for X, ^ E Am_N-m, 



C(5a(X).5^(X-B)) = 



1 if Xj + n„i+i-j = N - m Vj = 1, . 
otherwise. 



Proof. Compare [lOl Proposition Gr5] (see [20l Theorem 4.3]) to [20l Lemma 11.5]. 

□ 

Remark 2.11. Note that R is isomorphic to the Gi(A'')-equivariant cohomology 
ring of the complex (m, iV)-Grassmannian Gm,N and Sym(B) is isomorphic to the 
base ring of this equivariant cohomology. Also, the Sylvester operator gives the 
corresponding Poincare duality. See for example [2j Lecture 6] for more details. 

3. Matrix Factorizations Associated to MOY Graphs 

3.1. MOY graphs and their markings. First, let us recall the definitions of 
MOY graphs and markings of MOY graphs in [20] . 

Definition 3.1. An abstract MOY graph is an oriented graph with each edge 
colored by a no n- negative integer such that, for every vertex v with valence at least 
2, the sum of integers coloring the edges entering v is equal to the sum of integers 
coloring the edges leaving v. We call this common sum the width of v. 

A vertex of valence 1 in an abstract MOY graph is called an end point. An 
abstract MOY graph F is said to be closed if it has no end points. 

An embedded MOY graph, or simply an MOY graph, F is an embedding of an 
abstract MOY graph into M'^ such that, through each vertex v of F, there is a 
straight line L„ so that all the edges entering v enter through one side of L.„ and 
all edges leaving v leave through the other side of . 

Remark 3.2. Before moving on, we should emphasize the following two points: 

(i) In this paper, an MOY graph means an embedded MOY graph. 

(ii) Some abstract MOY graphs can not be realized as an (embedded) MOY graph. 

Definition 3.3. A marking of an MOY graph F consists of the following: 
(1) A finite collection of marked points on F such that 

• every edge of F has at least one marked point; 

• all the end points (vertices of valence 1) are marked; 



10 



HAO WU 



• none of the interior vertices (vertices of valence at least 2) is marked. 
(2) An assignment of pairwise disjoint alphabets to the marked points such that 
the alphabet associated to a marked point on an edge of color m has m 
independent indcterminates. (Recall that an alphabet is a finite collection 
of homogeneous indcterminates of degree 2.) 




Figure 1. 



3.2. The matrix factorization associated to an MOY graph. For an MOY 

graph r with a marking, cut it open at the marked points. This gives a collection 
of marked MOY graphs, each of which is a star-shaped neighborhood of a vertex in 
G and is marked only at the endpoints. We call these the pieces of F. (If an edge 
of F has two or more marked points, then some of these pieces may be oriented 
arcs from one marked point to another. In this case, we consider such an arc as a 
neighborhood of an additional vertex of valence 2 in the middle of that arc.) 

Let F.„ in Figure [T] be a piece of F. Set m = ii + 1-2 + ■ ■ ■ + ik = ji + 32 + ■ ■ ■ + ji 
(the width of v.) Define R = Sym(Xi| . . . |Xfc|Yi| . . . ]¥;). Let ^ = i? Rb with 
the total grading induced by the gradings of R and Rb- Set X = Xi U • • • U X/j 
and Y = Yi U • • ■ U ¥/ . Denote by Xj the j-th elementary symmetric polynomial 
in X and by Yj the j-th elementary symmetric polynomial in Y. Let Ui, . . . , Um be 
homogeneous elements of R satisfying 

(i) degU, ^2N + 2-2i, 

(ii) Erii ■ iXr - Y,) ^ ELi /(X.) - E!j=i 
where /(X^) and fi^p) are defined as in Lemma [2.91 

The matrix factorization associated to the vertex F„ is defined to be 

\ 



C/(r,„) 





Yi 


-Yi 


U2 


Y2 


-Y2 






_ Y 



J H 



which is a graded matrix factorization over R with potential X)a=i /(^a)^E^=i fO^p)- 
As in [20l Subsection 5.2], one can easily check that {Xi — Yi, . . . , X„i — Ym} is a 
regular sequence in R. (See [IHl Definition 2.17].) So, by [IHl Lemma 2.18], the 
isomorphism type of CfiTy) does not depend on the choice of C/i, . . . , Um- Also, 
note that the grading of R induces a filtration on C/ (F^, ) , which we call the quan- 
tum filtration. (See [191 Subsection 2.2] for definition.) It is easy to check that the 
isomorphism induced by changing the choice of [/i, . . . , Um preserves the quantum 
filtration too. 
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From now on, we will only specify our choice for Ui, . . . , Um when it is used in 
the computation. Otherwise, we will simply denote them by *'s. 

Definition 3.4. 

CfiT) :=(g)Q(r„), 

r„ 

where T.^, runs through all pieces of T. Here, the tensor product is done over the 
common end points. More precisely, for two sub-MOY graphs Fi and F2 of F 
intersecting only at (some of) their open end points, let Wi, . . . , W„ be the alpha- 
bets associated to these common end points. Then, in the above tensor product, 
C/(Fi) (X) C/(F2) is the tensor product 

C/(Fi) (8iSym(Wi|...|W„)(»cfli, ^^fi^^)- 

Cf{T) has a Z2-grading, a total polynomial grading and a quantum filtration. 

Assume F has end points. Let Ei, . . . ,E„ be the alphabets assigned to all end 
points of F, among which Ei, . . . ,Efc are assigned to exits and Efc+i, . . . ,E„ are 
assigned to entrances. Then the potential of Cf{T) is 

k n 
i=l j=k+l 

Let Rq ~ Sym(Ei| • ■ • |E„) and Rq = Rg (E)c Rb- Although the alphabets assigned 
to all marked points on F are used in its construction, Cf(T) is viewed as a matrix 
factorization over Rq with potential w. 

If F is closed, i.e. has no end points, then Rq = C, Rq = Rb, and C/(F) is a 
matrix factorization over Rg = Rb with potential 0. 

We allow the MOY graph to be empty. In this case, we define 

where the Z2-grading Rb is and the quantum filtration on Rb is given by 
J' ^Rb = 0, J'^ Rb = Rb- 

Remark 3.5. Note that the projection ttq : Rb C given by TTo{Bi) = induces a 
functor vjo such that n7o(C/(F)) = C(F), where C(F) is the the matrix factorization 
associated to F defined in (^Hl Definition 5.5]. This functor allows us to translate 
the proofs of most of the results about C(F) in [5D] to C/(F). 

The lemmas in the rest of this subsection correspond to those in [23 Subsection 
5.2]. Their proofs remain more or less unchanged. 

Lemma 3.6. If T is an MOY graph, then the homotopy type of Cf(T) does not 
depend on the choice of the marking. 

Proof. We only need to show that adding or removing an extra marked point cor- 
responds to a homotopy of matrix factorizations preserving the Z2-grading and the 
total polynomial grading. This follows easily from Lemma [2.31 □ 

Definition 3.7. Let F be an MOY graph with a marking, 
(i) If F is closed, i.e. has no open end points, then C/(r) is a chain complex. 
Denote by i?/(F) the homology of C/(F). Note that ff/(F) inherits both 
gradings of C/(F). 
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(ii) If r has end points, let Ei , . . . , E„ be the alphabets assigned to all end points of 
r, and Rd = Syni(Ei | • ■ • |E„). Denote by Ei^j the j-th elementary symmetric 
polynomial in E^ and by 3 the homogeneous ideal of Rq = i?a®C^s generated 
by {Eij}. Then Hf{r) is defined to be the homology of the chain complex 
Cf(T)/3Cf{r). Clearly, Hf{r) inherits both gradings of C/(r). 
Note that (i) is a special case of (ii). 

Lemma 3.8. IfT is an MOY graph with a vertex of width greater than N, then 

Proof. Follows from [201 Lemma 5.8] and Lemma [121 O 

Lemma 3.9. Let F be an MOY graph, and Ei,...,E„ the alphabets assigned to 
all end points ofT, among which Ei, . . . ,Efe aj'e assigned to exits and E^-j-i, . . . ,E„ 
are assigned to entrances. (Here we allow n ~ 0, i.e. F to be closed.) Write 

Ra - Sym(Ei| • • • |E„), Rd = Rd ®C Rb and w = ^^i fi^^) ~ E"=fe+i /(Ej)- 
Then C/(F) is an object o/hmf^^^ ^. 

Moreover, the projection ttq : Re Re given by 7ro(i?i) = induces a functor 
Wq : hmf^^^ ^, — !• hmf/jg 7ro(«>) such that n7o(C/(F)) = C(T), where C(F) is the the 
matrix factorization associated to F defined in \20\ Definition 5.5]. 

Proof. Follows from |20[ Lemma 5.11], Lemma [2.61 and Corollary 12.71 □ 




Figure 2. 



Lemma 3.10. LetT, Fi andT2 be MOY graphs shown in Figure^ Then C/(Fi) ~ 
Q(F2)^Q(F). 

Proof. Follows from Lemma [2.31 See the proof of [^Ul Lemma 5.12] for full details. 

□ 



Corollary 3.11. Suppose that Fi, T'^, F2 and T'2 are MOY graphs shown in Figure 
H Then C/(Fi) ~ C/(F'i) and C/(F2) ~ C/(F^). 

Proof. This is a special case of Lemma 13.101 □ 

3.3. Direct sum decomposition (II). The proof of direct sum decomposition 
(II) in applies to C/ without change. 

Theorem 3.12 (Direction Sum Decomposition (II)). Suppose that F and Fi are 
MOY graphs shown in Figure^ where n > m > 0. Then 

Q(F)^C/(Fi){M}. 
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j k 



m ■ n — m 



ri: 



T': 




i j k 




1 + ] 

i + 3 + k 



Figure 3. 



r Ti 
Figure 4. 



Proof. As in the proof of [201 Theorem 5.14], we observe that 
Cf{T) ~ C/(ri) ®sym(AuB) Syni(A|]B) ^ Cf{Vi){ 
See [ini Theorem 5.14] for more details. 



}• 



□ 




Figure 5. 



3.4. Colored circles. 



Proposition 3.13. Assume Qm is the circle colored by m (< N) in Figure[^ 
Let B he an alphabet of N indeterminates. Identify Rb and Sym(IB) by identifying 
Bj with the j-th elementary symmetric polynomial in B. Denote by % the ideal of 
Sym(X|B) generated 6?/ {/i7v(X — B), /i7v_i(X — B), /ijv+i-?ri(X ^ ®)}- Then, as 
graded matrix factorizations over Rg , 

C/(Om) ^ C/(0)®fl,^sym(B)Sym(X|B)/7^ {q— )}(m) 



C/(0){ 



where X is an alphabet of m indeterminates. 
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Proof. By definition, 

C{0,n) 

\ TL^^ n I 

Sym 

where we choose Uj = By Lemma [^31 we know 

Uj = {-iy+\N + i)hN+i-j{x - 1). 

By Theorem [Ho] and [20l Proposition 6.2], (Sym(X|B), {C/i, . . . , [/„}) is a nice pair 
over Rb- So by Lemma [2.41 

C/(0™) ^ Q(0) ®fl,.sy„.(B) Sym(X|B)/7^ (^) . 

By Theorem 12. 101 one can easily see that 

cm ®fl,«=sym(B) Sym(X|B)/H (m) = C/(0){ ^ } (m) . 

□ 

4. MoRPHiSMS Induced by Local Changes of MOY Graphs 

First, we recall some terminology. 

Definition 4.1. If M, M' are matrix factorizations of the same potential over a 
graded commutative unital C-algebra and f,g:M^ M' are morphisms of matrix 
factorizations, we write / «5if3c€C \ {0} such that f c:i c ■ g. 

We say that two MOY graphs Fi and F2 have the same boundary condition if 
there is a one-to-one correspondence between their end points such that 

• every exit corresponds to an exit, and every entrance corresponds to an 
entrance, 

• edges adjacent to corresponding end points have the same color. 

Suppose MOY graphs Fi and F2 have the same boundary condition. Mark 
Fi,F2 so that every pair of corresponding end points are assigned the same al- 
phabet, and alphabets associated to internal marked points are pairwise disjoint. 
Let Ei,E2, . . . ,E„ be the alphabets assigned to the end points of Fi,F2. Define 
Ra = Sym(Ei|E2| . . . |E„) and Rq = Ra ®C Rb- Note that C/(Fi) and C/(F2) 
are both objects of the category hmf^^ ^ (and the category HMF^^ ^), where 

w = ^±/(Ei) G Ra, and the sign depends on whether the end point is an en- 
trance or an exit. 

Recall that the morphism space HomuMF^ ((^/(Fi), C/(F2)) is isomorphic to 
the homology of the chain complex IIom^^(C/(Fi), C/(F2)). Also, the morphism 
space Homhmfs , fC/(Fi), C/(F2)) is the subspace of HomHMF^ (C/(Fi), C/(F2)) 
of homogeneous elements that preserves both the Z2-grading and the total polyno- 
mial grading. When the set up is clear from context, we drop Ra and w from the 
notation and simply write HomHMF(C'/(Fi), C/(F2)) and Homhmf (C/(Fi), C/(F2)). 

From Lemma it is easy to see that HomHMF(C/(Fi), C/(F2)) and, therefore, 
Homhmf(C/(Fi), C/(F2)) do not depend on the choice of the marking. 

In this section, we show that certain local changes of MOY graphs induce mor- 
phisms of matrix factorizations. The constructions of these morphisms are very 
similar to those in (501 Section 7]. Moreover, we will show that the functor wq (see 
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Lemma 13. 9p changes the morphisms defined here to the corresponding morphism 
defined in [20l Section 7]. 

4.1. Bouquet move. We call the moves in Figure IH] bouquet moves. From Corol- 
lary [3TTT1 we know bouquet moves induce homotopy equivalence of matrix factor- 
izations. Next, we show that, up to homotopy and scaling, a bouquet move induces 
a unique homotopy equivalence of matrix factorizations. 



i j k i j k 




Figure 6. 



Lemma 4.2. Suppose that Ti, T'l, T2 and T'2 are MOY graphs shown in Figure\^ 
Then, as Z2 © Z-graded vector spaces over C, 

HomHMF (C/ (Fi ) , C/ (F; )) = HomHMF (Cy- (F2 ) , (F^ ) ) 



C 



){ 



N 




i - 


1- j + fc' 












k 




3 



(i+j+k){N-i-j-k)+ij+jk+ki 



}■ 



In particular, Homhmf (C/(Fi), C/(Fi)) ^ Homhmf (^/(Fs), C/(F'2)) ^ C. 

Therefore, the homotopy equivalence of matrix factorizations induced by the bou- 
quet move is unique up to homotopy and scaling. 




Figure 7. 



Proof. Similar to the proof of |201 Lemma 7.4], we only compute HomHMF(C'/(ri), C/(F']^)). 
The computation of llomHMF(C'/(F2), C/(F2)) is similar. By CoroUarv 13.111 one 
can see that 

HomHMF(Q(Fi),C/(F;)) = HomHMF(C/(F;),C/(F;)) 

= Hf{r) {i+j + fc) 

where F is the MOY graph in Figure [T] Using Decomposition (II) (Theorems 13. 12p 
and Proposition 13. 131 we have that 



iJ/(F)-Q(0) (^+J + fc){ 





N 




'i+j + k 




'i+f 


i - 


^J + k 




fc 




. j . 



}• 
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And the lemma follows. □ 



Lemma 4.3. Let wq be the functor given in Lemma \3.9[ For the MOY graphs Ti, 
T[, T2 and Figure\^ denote by hi : Cf{Ti) — > Cf{T[) the homotopy equivalence 
induced by the bouquet move. Then, up to homotopy and scaling, wo{hi) : C{Ti) — > 
C(T[) is the homotopy equivalence induced by bouquet move given in |201 Subsection 
7.2]. 

Proof. By Lemma |2.5[ WQ{hi) is a homotopy equivalence. By [201 Lemma 7.4], up 
to homotopy and scaling, there is only one morphism C{Ti) — >■ C{T^) that preserves 
both gradings and is not nuU-homotopic. And the lemma follows. □ 

4.2. Circle creation and annihilation. 

Lemma 4.4. Lei Q™ be a circle colored by m . Then, as 'Z2(S'Z-graded Rb -modules. 



HomHMF(C/(Om),C^/(0)) =HomffMF(C/(0),C/(Om)) = Q(0){ 



}(m) 



where Cf{0) is the matrix factorization Rb — > ^ Rb. 

In particular, the sub spaces of}lomHMF{Cf{9),Cf{Qrn)) iJ^c? Hom^fj\/i?(C/(Om), C*/ 
of homogeneous elements of total polynomial degree —m{N — m) are 1- dimensional. 
This leads to the following definitions. 

Proof. It is clear that, as Z2 © Z-graded i?B-modules, Hom//7\/i?(C/(0), C/ 
Cf{%). By Proposition Eia Q(Om) ^ C f{%){[^]} {m) . So 

\N' 

HomHMF(Q(Om),Q(0)) = HoniHMF(Q(0),Q(0)){ 



}(m) 



and, similarly. 



}(m) 



Hom^MF(C/(0),C/(O™)) = C/(0){ 



}(m). 



□ 



Definition 4.5. Let Qm be a circle colored by m. Associate to the circle creation 
a homogeneous morphism 

6 : Q(0)(= i?,B) ^ C/(Om) 

of total polynomial degree ~m{N — m) not homotopic to 0. 
Associate to the circle annihilation a homogeneous morphism 

e : CfiOm) ^ Q(0)(= Rb) 

of total polynomial degree ~m{N — m) not homotopic to 0. 

By Lemma 14. 4[ t and e are unique up to homotopy and scaling. Both of them 
have Z2-degree m. 

Mark Qm by a single alphabet X. Let B be an alphabet of N indeterminates. 
Identify Rb and Sym(B) as in Proposition l3.13l By Proposition l3.131 we know that 
there is an (Sym(X|B)-linear) homotopy equivalence of matrix factorizations over 
Rb 

P ■■ CfiOrn) ^ Q(0) Sym(X|B)/?^{<z-™(^-™)} (m) , 
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where T-L is the ideal of Syni(X|B) generated by 

{/lAr(X - B), /lAr_i(X - B), . . . , /lAr+i_„,(X - B)}. 

Let Q be an (i?B-hnear) homotopic inverse of P. P and Q induce quasi-isoniorphisms 
of Z2 -graded chain complexes 

Homfl^(Sym(X|B)/H{g-™(^-™)} (m) ,C7/(0)) ^ Homfl^(C/(Orn), C/( 
and 

Homfl,(C/(0),Sym(X|B)/H{g-™(^-™)} (m)) ^ Homfl,(C/(0), C7/(0™)). 

Let ] : Rb Sym(X|B)/7^ be the standard i?B-linear inclusion given by = 
1, and C the Sylvester operator given in Theorem [mni Then P»(C) = ( o P and 
QtjC?) ~ Q ° J ^■'"^ i?B-linear homogeneous morphisms of total polynomial degree 
—m{N — m). Denote by m(*) the morphism C/(Om) — > df{Q)m) given by the 
multiplication of *. Then, by Theorem 12. 10[ we have 

P«(C) o m{Sx{X) ■ 5^(X - B)) o Q„(j) 
= Co-Ponx(S'A(X) • S'^(X-B)) ogoj 
= C°m(S'A(X) •S'^(X-B)) oPoQoj 
~ C°m(5A(X)-5^(X-B))oj 

if Xj + = N - m Vj = 1, . . . , m, 

otherwise. 

This implies that P''(C) and Q^{j) arc not null- homotopic. Therefore, e « P'*(C) 
and t w Qtt(j). And we have the following corollary. 

Corollary 4.6. Denote by m(*) the morphism Cf{Q)m) — C/(0"i) induced by 

multiplication by Then, for any X, fi £ Am N~m, 

(4.1) 

idc/(0) «/ + Mm+i-i = ^ - m Vj = 1, . . . , m, 
otherwise. 




eom(5'A(X)-S'^(X-B))o(, 



Lemma 4.7. Lef zuq be the functor given in Lemma \3.9[ Then n7o(t) : C(0) — ?• 
C(Om) a'^rf'Ci7o(e) : C(O)n) ^^(0) a'^e the morphisms associated to circle creation 
and annihilation defined in [201 Definition 7.7]. 



Proof. By Corollary 14.61 one can see that 
tuo(e)om(5A(X).5'^(X))on7o(0 



idc(0) if -I- fJ.„i+i-j = N - mWj = 1, . . . ,m, 
otherwise. 



This implies that zuqIl) and n7o(e) are not nuU-homotopic. Note that they are both 
homogeneous of quantum degree —m{N — m). The lemma then follows from |20[ 
Lemma 7.6 and Definition 7.7]. □ 

4.3. Edge splitting and merging. Let Fq and Fi be the MOY graphs in Figure 
[HI We call the change Fq ^ Fi an edge splitting and the change Fi Fq an 
edge merging. In this subsection, we define morphisms </> and (}> associated to edge 
splitting and merging. 
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AUE 



m + n 



To 



Figure 8. 




Lemma 4.8. Let Tq and Ti be the colored MOY graphs in Figure\^ Then, as 
TLi © Ij-graded Rs-modules, 

N 



HomHMF(Q(ro),C/(ro)) = Q(0){(?('^-™-")("+") 



m + n 



} 



■'^ [to + [ m J -'^ 

In particular, the lowest total polynomial gradings of the above spaces are —mn, and 
the subspaces of these spaces of homogeneous elements of total polynomial grading 
~mn are all I -dimensional. 

Proof By Thcorcm[333 Q(ri) ^ C/(ro){ }• So 

Hom(C/(ro),Q(ri)) ^ Hom(Q(ro),C/(r„)){ ^ } Hom(C/(ri),C/(ro)). 

Denote by Om+n the circle colored by to + n. Then, by Proposition l3.131 

Homsy^(x|Y)(Q(ro),C/(ro)) = Q(0™+n){g''^-"-"'^"+"^}(™ + ri) 

N 



m ^ n 



and the lemma follows. □ 

Definition 4.9. Let Fg and Fi be the colored MOY graphs in Figm-e[8l Associate 
to the edge splitting a homogeneous morphism 

^:C/(Fo)^Q(Fi) 

of total polynomial degree —mn not homotopic to 0. 

Associate to the edge merging a homogeneous morphism 

0:C/(Fi)^Q(Fo) 

of total polynomial degree —mn not homotopic to 0. 

Lemma 4.10. Let Fq and Fi be the MOY graphs in Figure [H Then 

idc/(ro) «/ ^3 + t^rn+l-j = 71 Vj = 1 , . . . , TO, 



(4.2) 0om(5A(A).5^(-E))o0; 







otherwise, 



where A, /i G A,„ „ and m(5A(A) • E)) is the morphism induced by the multi- 
plication o/5'a(A) • S^{—E). 
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Proof. The proof of ([42]) is nearly identical to that of [20l Lemma 7.11]. See [20} 
Subsection 7.4] for more details. □ 

Lemma 4.11. Let tuq be the functor given in Lemma ] 3. 91 Then TUo{(t)) '■ C{Tq) — >■ 
C{Ti) and VJo{(t)) : Cf(Ti) — >■ Cf{To) are the morphisms associated to edge splitting 
and edge merging in j20l Definition 7.10]. 

Proof. From the definition of zuq, it is clear that zuo{idc^-{ro)) = idc(ro)- So, by 
Lemma 14.101 we have 



tno(0)om(5A(A)-5^(-E))owo((/.) 



idc(ro) if + A^m+i-j = n Vj = 1, . . . , m, 
otherwise, 



Note that id(7(ro) is not nuU-homotopic since C{To) is not nuU-homotopic. So tno(0) 
and Ci7o(0) are not null-homotopic. By Definition 7.10], they are the morphisms 
associated to edge splitting and edge merging for the matrix factorizations C{Ti). 

□ 




Figure 9. 




4.4. x-morphisms. 

Proposition 4.12. Let Tq and Ti be the MOY graphs in Figure[^ where 1 < Z < 
n < m + n < N . There exist homogeneous morphisms x'^ ■ C^fi^o) ~^ C^fi^i) ^"^d 
■■ Cf{Vi) ^ Cf{To) satisfying 
(i) Both x^ cind x^ have 'Z2-grading and total polynomial grading ml. 



x'ox° ^ 5A,„,(IE-X).idc^(r„) = ( ^ (-l)l^l5v(X)5Ae(E)).idc.,(ro), 
X^ox' ^ 5A,,„(IE-X).idc,(r,) = ( ^ (-l)l^l5A'(X)5Ac(E)).idc,(r,), 



where 



A;,m = (m > m > • ■ • > to). 



/ parts 

A/,„i = {fJ- ^ {p-i > ■ ■ ■ > fJ-i) \ fJ-i < to}, 

A' (S Am,i) is the conjugate of X (e A;_,„), and A"^ (g Ai^m) is the complement 
of X (e Ai^rn.) in Ai^m, i-e., if X = [Xi > ■ ■ ■ > Xi) & Ai^rn, then X" = (m-Xi > 

• • • > TO — Ai). 
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Proof. First, by the definition of 5'a(IE — X), it is easy to clieck tliat 
5a,„(E-X)= (-1)'^'5a'(X)5ao(E). 

See [TU] for more details. 

Note that, in [501 Subsections 7.5-7.6], only the right columns of the Koszul 
matrix factorizations C(To) and C{Ti) are explicitly used in the construction of the 
X-morphisms. But the right columns of C/(ro) and C/(ri) are identical to that of 
C{Tn) and C(ri). So the construction in [20l Subsections 7.5-7.6] applies to Cf{To) 
and C/(ri) without any visible change. Thus, the morphisms x*^ and with the 
desired properties exist. (See [501 Subsections 7.5-7.6] for more details.) □ 

Lemma 4.13. LetTo, Ti, and be as in Proposition \4. 1 ^ Then, up to homo- 
topy and scaling, x*^ (resp. x^ ) unique homotopically non-trivial homogeneous 

morphism of total polynomial degree ml from C{Tq) to CiTi) (resp. from C{Ti) to 
C{V,).) 





r' 



Figure 10. 



Proof. (Following [20l Proposition 7.29]) Similar to [20l Lemmas 7.22 and 7.23], 
we can reduce C/(ro) and CfiVi) to Koszul matrix factorizations over the ring 
Sym(X|Y|A|E) ®c Rb- Then it is easy to check that, as graded i?B-niodules, 

HomHMF(C/(ri), C/(ro)) = Hf{T) (m + n) {q{^n+n){N~rr^-n)+mn+rr^l+nl^l-^^ 
HomHMF(C/(ro),C/(ri)) ^ Hfif) (m + n) {q(^n+n)iN-m-n)+,nn+,nl+nl-l'y^ 

where F is the MOY graph in Figure[Tni and F is F with orientation reversed. Using 
Corollarv l3.11l Decomposition (II) (Theorem 13. 12p and Corollary [3331 '^e have 



i//(F)-i?/(F)-C/(0) (m- 

Thus, as graded i?s-inodulcs, 

HomHMF(Q(Fi),C/(Fo)) 
^ HomHMF(C/(Fo),C/(Fi)) 



n){ 



m + n — I 




m + n 




N 


m 




I 




m + n 



}• 



m + n — I 




m + n 




N 


m 




I 




m + n 



(m+n) {N — m — n)+mn-{-7nl-irnl~l 



In particular, the lowest non-vanishing total polynomial grading of the above 
spaces is ml, and the subspaces of these spaces of homogeneous elements of total 
polynomial degree ml are 1-dimensional. So, to prove the proposition, we only need 
to show that x° and x^ arc homotopically non-trivial. To prove this, we use the 
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diagram in Figure ITl] where 0i and 4>i (resp. (j>2 and 02 ) arc induced by the edge 
sphtting and merging of the upper (resp. lower ) bubble, and x*^ and arc the 
morphisms from Proposition 14.121 




Figure 11. 



X 



Y 



V 



Let us compute the composition 

(01 ® 02) o m(5A„.„ (-Y) • 5a,,„_, (-A)) o x° o o (0i ® 02), 

where Tn(5'A„„(— Y) • S'a, „_,(— A)) is the morphism induced by multiplication by 
5'a„,„(-Y) • 5a, „_,(-A). 'By Proposition we have 

(01 S5 02) o m(5A„,„ (-Y) • 5a,,„_, (-A)) o x*' o o (0i ® 02) 
~ (0i«.02)om(5A,„,„(-Y).5A,„_,(-A).( ^ (-l)l^l5A'(X)5Ae(E)))o(0i®02) 

= (-l)'^'(^i °"^(^A„,J-Y) • 5a'(X)) o0i) ® (02 om(5A,,„„,(-A) . 5ao(E)) O02). 

But, by Lemma [4. 101 we have that, for A G Aj^m, 

^i°tn(5A„,„(-Y)-5A'(X))o0i « 



id if A = (0 > ■ • • > 0), 
if A 7^ (0 > •■• > 0), 



02°m(^A,,„_,(-A) •5ac(E)) O02 



id if A = (0 > • ■ • > 0), 
if A 7^ (0 > • • • > 0). 



So, 
(4.3) 



6i ® 02) o m(5A„„„ (-Y) • 5a,,„_, (-A)) o x° o x^ 



® 02) « id. 



which implies that x" and x^ are not homotopie to 0. 



□ 



Lemma 4.14. Let wq be the functor given in Lemma \3.9[ Then •rA7o(x'^) ■ C{To) 
C(ri) and tuo(x^) ■ C(ri) ^ C(ro) are the x-nT-orphisms given in |201 Proposition 
7.20]. 

Proof. Note that wo{x^) and zuo{x^) are homogeneous morphisms of quantum de- 
gree ml. Applying tuq to (|4.3p . one can see that 'Ci7o(x'') and n7o(x^) are not 
homotopie to 0. Then the lemma follows from [20l Proposition 7.29]. □ 



22 



HAO WU 




To 



Figure 12. 



4.5. Saddle move. We call the local change given in Figure [T^] a saddle move. 
Next, we define the morphism 77 induced by the saddle move. 



Lemma 4.15. Let Tq and Fi be the colored MOY graphs in Figure \Tl 
bigraded Rb -module, 

In' 

Hom^Mf (Q(Fo),C/(Fi)) - Q(0){ 



Then, as 



2m{N-m) 



In particular, the subspace o/Hom//A/_F(C'/(Fo), C/(Fi)) of homogeneous elements 
of total polynomial degree m{N — m) is 1- dimensional. 

Proof. Let Q™ be a circle colored by m (with 4 marked points.) One can see that 
Hom(C/(Fo),C/(Fi)) C/(Om){g^'"^^""'^}- The lemma follows from this and 
Proposition 13. 131 □ 

Definition 4.16. Let Fq and Fi be the colored MOY graphs in Figure[T2] Associate 
to the saddle move Fq Fi a homogeneous morphism 

r; : Q(ro) ^ Q(ri) 

of total polynomial degree m[N — m) not homotopic to 0. By Lemma I4.15[ r] is 
well defined up to homotopy and scaling, and deg^^ rj = m. 

Next we give the two composition formulas for ry. 

Note that, in the proof of the First Composition Formula for C(F) [20l Propo- 
sition 7.36], only the right columns of the Koszul matrix factorizations associated 
to MOY graphs are explicitly used. So that proof applies to the First Composition 
Formula for C/(F) (Proposition UTT] below) without any visible changes. 





Proposition 4.17. Let F and T' be the colored MOY graphs in Figure [W[ l : 
C/(F) CfiV') the morphism associated to the circle creation and rj : C/(F') 
CfiT) the morphism associated to the saddle move. Then rj o l ^ idcf(r)- 

Proof See the proof of ^ Proposition 7.36] in ^ Subsection 7.9]. □ 
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Now we consider the Second Composition Formula. The proof of the Second 
Composition Formula for C(r) [20l Proposition 7.41] is very complex and involves 
the left column of the Koszul matrix factorization C{T). So, a direct generalization 
of that proof would be very complex and require many not-so-easy modifications. 
Fortunately, there is a simple proof of the Second Composition Formula for Cf{T) 
(Proposition 14.191 below) based on Lemma 12.51 Proposition 14.171 and the Second 
Composition Formula for C(r). We need the following lemma. 

Lemma 4.18. Let wq be the functor given in Lemma \3.9\ Tq, Ti be the colored 
MOY graphs in Figure and rj : CfiVo) — S- C/(ri) the morphism associated to 
the saddle move. Then woiri) : C{Tq) C'{Ti) is the morphism associated to the 
saddle move defined in [201 Definition 7.34] . 

Proof. Note that zua{ri) is homogeneous of quantum degree m(N — to). According 
to [201 Lemma 7.33], to prove the lemma, we only need to show that zua{ri) is not 
nuU-homotopic. In the setup of Proposition 14.171 a-pply '^o to 77 o t « idcf{r)- 
We get zuoiv) ° ^oii-) ~ ^^o(idc/(r)) = idc(r)- This implies that vjoiv) is not 
nuU-homotopic. □ 




Proposition 4.19. Let T and T' be the MOY graphs in Figure [7^ 77 : Cf{T) 
Cf(T') the morphism associated to the saddle move and e : Cf{T') Cf(T) the 
morphism associated to circle annihilation. Then e o 77 w idp^. (p) . 

Proof. By Lemmas 14 . 71 14 . 1 8l and |20l Proposition 7.41], we have that 

7Z7o(e o 77) = zuaie) o 070(77) « idc{r)- 

So, by Lemma 12.51 e o rj : Cf{T) C/(r) is a homotopy equivalence of matrix 
factorizations. Note that e o 77 is homogeneous of total polynomial degree and 
Z2-degree 0. From Lemma l4!8l we have 

HomHMF(Q(r),Q(r)) - Q(0){<7'"(^-'") 

So Homiimf (C/(r), C/(r)) == C and is spanned by idcf(r)- (Otherwise, idcj,{r) — 0, 
which implies C/(r) ~ and HomHMF(C/(r), C/(r)) = 0, a contradiction.) This 
implies that e o 7; w id^^, (p) • D 

4.6. Summary. We call the bouquet move, circle creation and annihilation, edge 
splitting and merging, the saddle move and the local changes corresponding to the 
X-maps basic local changes of MOY graphs. Each of these induces morphisms of 
matrix factorizations C/ and C. We have shown that the functor zuq defined in 
Lemma 13.91 changes the morphism of C/ induced by a basic local change to the 



}• 



24 



HAO WU 



morphisni of C induces by the same basic local change. For later reference, we 
state this in the following proposition. 

Proposition 4.20. Suppose T and V are MOY graphs which differ by a basic 
local change, and a : Cf{T) — > Cf{T') is the morphism induced by this basic local 
change as defined in this section. Let zuq be the functor given in Lemma \3.9\ Then 
vjQ{a) : C(r) C{T') is the morphism induced by this basic local change as defined 
m [201 Section 7] . 

Proof This follows from Lemmas gSl |4Jl liHl liHl and l4T8l □ 



5. Direct Sum Decompositions (I), (III), (IV), (V) 

Using the morphisms defined in Section |4l we are ready to prove Direct sum de- 
compositions (I), (III), (IV) and (V). The proofs are mostly straightforward adap- 
tations of those in [20] . 

5.1. Direct sum decomposition (I). 
Theorem 5.1 (Direction Sum Decomposition (I)). 




ro Fa 

Figure 15. 



Lemma 5.2. Consider the MOY graphs and morphisms in Figure \15i Define 
■0 = ^0 o t and V' = ^ ° ■ Then ip and ip are both homogeneous morphisms of 
'L2-degree n and total polynomial degree —n{N — ?i — m). Moreover, for a partition 
A = (Ai > • • ■ > A„), 

{idc/(ro) i/ A = A„_jv-m-« = ( N - m - n > ■ ■ ■ > N - in - n ), 
n parts 
i/|A|=AiH h A„ < n(iV - n - m). 

In particular, if n = N — m, then Cf(Ti) ~ C/(Fo) {N ~ to). 
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Proof. The homogeneity and degrees of -ip and ip fohow easily from their definitions. 
Moreover, one can check that 



Horn 



HMF 



iCfiTo),CfiTo)) - i?/(0™){g"^^-"^} M = Q(0){ 



m{N — m) 



}■ 



So the lowest no n- vanishing total polynomial grading of HomHMF(C'/(ro), Cf(To)) 
is 0. Note that the total polynomial degree oi tl'om{Sx{V>))oil; is 2|A|— 2n(A^— n— to). 
So V^o m(5A(B)) o « if |A| < n{N -n-m). 
By Proposition 14. 12| we have 

eoxiom(5A„,„_,„_„(B))ox°ot 
= eom(5A„,„__„(B))ox^o/ot 
= eom(5A„,„__„(B)- J2 (-1)'^'5a'W5ac 



5] (-l)l^l5A'(X)-eom(5A 



_„(B) • Sx4M))oi 



AeA„ 



where A„^,„ = {/^ | M < = {/x = (a<i > • ■ • > A^n) | '(a^) < n, fii < m}, 

A' G Am.„ is the conjugate of A, and A*^ is the complement of A in A„.„i, i.e., if 
A = (Ai > • • • > A„) G A„^m, then A"^ = (to — A„ > • ■ • > to — Ai). By Corollary 
we have, for A G A„_m, 



^(B) •S'ac(B))o6; 



ic(ro 



) if A = (0 > 
if A 7^ (0 > 



>0), 
>0). 



Thus, 



V'om(S'A,.,„_„_„(B)) O-0 w idc^.(ro). 

When n = N — m, ip and tp are both homogeneous morphisms of Z2 degree 
N -~ m and total polynomial degree 0. And, from above, we have ip k, iAcj^Tq)- 
Let tuo be the functor given in Lemma [3.91 Then voQ^ip) o voi^ip) ~ idc(ro)- By [20l 
Lemma 5.15], we know that C{Ti) ~ C{Tq) {N - to). By [501 Lemma 3.14], this 
implies that vjq{iP) and n7('0) are homotopy equivalences of matrix factorizations. 
By Lemma 12.51 £^i^d ip sre also homotopy equivalences of matrix factorizations. 

Thus, C/(ri)~C/(ro)(iv-TO). □ 



Remark 5.3. In Lemma 15.21 we allow to = 0. In this case, "0 and tp becomes t and 
e. Note that Lemma remains true in this case. 



Proof of Theorem \5.1\ Consider the colored MOY graphs in Figure [TBI By Lemma 
[O C(ri) ~ C(r3) (iV - TO - n). By Corollary ISIIIl C{Tz) ~ C{Ti). By direct 
sum decomposition (II) (Theorem [3l2l) C{Ti) ~ C{T^)[^~"']. And by Lemma 
15.21 again. CiV^) ~ C(ro) (N — m). Putting everything together, we get C{Ti) ~ 

5.2. Direct sum decomposition (III). 
Theorem 5.4 (Direct Sum Decomposition (III)). 



e cA 




-1]}(1> 
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m + n 

N 



N — m — n 



\N — m — n \ n 



Figure 16. 



r4 



The above homotopy equivalence of matrix factorizations remains true if the orien- 
tations of these MOY graphs are reversed. 

Proof. Define 



r:Q(0)->Q( 


1 


m + 1 
m 1 


m 






m + 1 





to be the composition 





TTi - 


h 1 




1 


m 


1 






m - 


h 1 , 













and 





1 


m + 1 
m 1 


777 








771 + 1 _ 







to be the composition 
C/( 





m - 


h 1 




1 


m 


1 


777 




' m - 


h 1 . 







where Om+i is a circle colored by to + 1, l and e are the morphisms induced by 
the creation/annihilation of Qm+i, and 02 (resp. (pi, 4>2) are the morphisms 



EQUIVARIANT COLORED sI(Af)-HOMOLOGY FOR LINKS 

induces by the two apparent edge splittings (resp. merging.) Then define 
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to be the compositions 



')3«9I)4 



where T and e arc the morphisms defined above and rji , 772 773 and 774 arc induced 
by the apparent saddle moves. Note that F and G are homogeneous morphisms 
preserving both gradings. From Proposition 14.201 and [20l Proposition 8.8], we 
know that wq{G o F) k id, where is the functor given in Lemma 13.91 and id is 



the identity morphism of C( 1 



By Lemma [2.51 this implies that G o F 



is a homotopy equivalence of matrix factorizations preserving both gradings. An 



easy computation shows that Homhmf(C'/( 1 



spanned by the identity morphism of C/ ( 



the identity morphism of C/( 1 



Next, define 



„)) = C and is 



„). So G o F « id, where id is 




Cf{ ) 



to be the compositions 



{r} 



{r} 
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where ip and V' ^'^'c defined in Lemma 15.21 and Xi; X21 Xii x\ ^-re the apparent 
X-morphisms. Then, for j = 0, 1, . . . , — m — 2, define 



{'■} 



{*} 



{r} 



-1 



ft 



{*}, 



by 



m s 



N-m-2-j 



) ° a, 



= /3om(s^'). 



Note that aj and /3j are homogeneous morphisms preserving both gradings. More- 
over, by Proposition l4.12l and Lemma 15.21 we have 



id if i = j, 
if i < j. 



A o aj 

I U li i J. 

Let a = (ao, . . . , aN-vi-2) and /3 = (/3o, . ■ . , /3jv-m-2)'^- Then 




){[iV-m-l]}(l) 



are homogeneous morphisms preserving botli gradings. And /3od is lower-triangular 
with homotopy equivalences of matrix factorizations along the diagonal. So /3 o a 
is a homotopy equivalence of matrix factorizations. 
Consider the morphisms 



C'fi ^ 




, ){[jV-m-l]}(l) _ ^ Cf{ 

G 



Let Wo be the functor given in Lemma 13.91 By Proposition 14.201 and HSl Lem- 
mas 8.14 and 8.15], we know that n7o(i^, c?) — (Ti7o(i^), T37o(d)) and tuq 




are homotopy equivalences of matrix factorizations. Thus, by Lemma 



12. 5[ a) and ^ j are homotopy equivalences of matrix factorizations. □ 
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5.3. Direct sum decomposition (IV). 



Theorem 5.5 (Direct Sum Decomposition (IV)). Let l,m,n he integers satisfying 
0<n<m<N andO<l,m + l-l<N. Then 



){ 



771 — 1 

n 



I \ / m 
m + i 
1/ \m + i-l 



){ 



m — 1 

77,-1 



}• 



The above homotopy equivalence of matrix factorizations remains true if the orien- 
tations of these MOY graphs are reversed. 

Proof. Define morpliisms 



F:Cf{ 



G:C/(<+. 



by tlie following diagram. 



T 



I + n 



1 

{r} 



Z + ri - 1 



m — n 

Y 



m +1 - 1 



1 

{r} 



m — rb— 

¥ - 



m + I - 1 



{r} 



1 

{r} 



m + Z - 1 



m — n 

Y 



m + 1 - 1 



That IS, F = ° ^0 ° 4> s-i^d G — (j) o hi o , where X""^, ^o, /ii, 0, arc the 
morphisms induced by the apparent basic changes of the MOY graphs. 
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Let A = A„.„i_„_i = {A I ;(A) < n, Ai < m - n - 1}. For A = (Ai > • • • > A„) G 
A, define A'^ = (A^ > • • ■ > AfJ G A by AJ = m - n - 1 - K+i-j, j = 1, . . . , n. For 
A G A, define Fa = m(S'A(A)) o F and Ga = G o m{Sxc{-Y)). Then 



Fx ■■ Cf{ 



)|^2|A|-n(r„-„-l)| ^ 



Ga : G/0+. 



2|A|— n(m — n— 1) 



} 



are homogeneous morphisms preserving both gradings. Define F = X^AeA Fx and 
G = I^agA Then 



F : G 



/I 



){ 



m — 1 



G : G/0+. 



){ 



m — 1 



are homogeneous morphisms preserving both gradings. 
Next, define morphisms 



) 



1/ + 



/3:G/0+. 
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by the following diagram. 




That is, a = o hi o (p and /3 = (f> o Hq o x'^, where x^ tX^ i^Qt^1i4>t4> are the 
niorphisms induced by the apparent basic changes of the MOY graphs. 

Let A' = Km-n,n-i = {A I < m - n, Ai < n - 1}. For A = (Ai > ■ • ■ > 
A™-„) e A', define A* = (A| > • • • > A,*„_„) e A' by A* = n - 1 - \,n-n+i-j, 
j = I, . . . ,m - n. For A £ A', define ax = m(S'A(Y)) o a and /3a = /? o m{Sx' (-A)). 
Then 



ax:Cf{ 



)|^2|A|-(«-l)(m-„)| ^ 



/3a : Cfii+^ 



— (n — l)(m — n) 



} 



are homogeneous niorphisms preserving both gradings. Define a = X^agA' '^^ ^^'^ 
/3 = EagA' /3a. Then 



«:C/( 



){ 



TO — 1 
71-1 



1/ + 
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)->Q( 



){ 



m 

n - 



1/ \m + l-\ 



are homogeneous morphisms preserving both gradings. 

From Proposition I4.20[ one can see that it is proved in [20l Section 9] that 



){ 



m — 1 
n 



m + 1 
1/ + 



){ 



m — 1 
n-l 



(rn(i?),ra(5)) 

I ^ G(i+" 



and 



) 



m{G) 



){ 



m — 1 
n 



){ 



m — 1 
n — 1 



1/ \7T1+Z-1 



arc homotopy equivalences of matrix factorizations. So, by Lemma 12.5 



){ 



m — 1 



1/ \m + l-l 



){ 



TO — 1 

n ~ 1 



{F,S) 



and 



G 



){ 



TO — 1 
71 



Z W m 
m + l 
1/ \m + i-l 



){ 



TO — 1 

n — 1 



are also homotopy equivalences of matrix factorizations. 
5.4. Direct sum decomposition (V). 



□ 



Theorem 5.6. Let m,n,l be non-negative integers satisfying N > n + l,m + I. 
Then, for max{TO — 7i, 0} < fc < to + Z, 



^+1 



J— max{m — n,0} 

.1+1 



0{ 



■ / ■ 

k-J. 



EQUIVARIANT COLORED sl(Af)-HOMOLOGY FOR LINKS 



33 



where we use the convention [^] = 0ifb<0orb>a. The above homotopy 
equivalence of matrix factorizations remains true if the orientations of all the MOY 
graphs are reversed. 

Proof. The inductive proof of [5^1 Theorem 10.1] applies here without any essential 
changes. See [20l Section 10] for more details. □ 

6. Chain Complexes Associated to Knotted MOY Graphs 
Let us first rccaU the definitions of knotted MOY graphs and their markings in 

Definition 6.1. A knotted MOY graph is an immersion of an abstract MOY graph 
into such that 

• the only singularities are finitely many transversal double points in the 
interior of edges (i.e. away from the vertices), 

• we specify the upper edge and the lower edge at each of these transversal 
double points. 

Each transversal double point in a knotted MOY graph is called a crossing. We 
follow the usual sign convention for crossings. 

If there are crossings in an edge, these crossing divide the edge into several parts. 
We call each part a segment of the edge. 

Note that colored oriented link/tangle diagrams and (embedded) MOY graphs 
are special cases of knotted MOY graphs. 

Definition 6.2. A marking of a knotted MOY graph D consists the following: 

(1) A finite collection of marked points on D such that 

• every segment of every edge of D has at least one marked point; 

• all the end points (vertices of valence 1) arc marked; 

• none of the crossings and interior vertices (vertices of valence at least 
2) is marked. 

(2) An assignment of pairwise disjoint alphabets to the marked points such that 
the alphabet associated to a marked point on an edge of color m has m 
independent indeterminates. (Recall that an alphabet is a finite collection 
of homogeneous indeterminates of degree 2.) 

Given a knotted MOY graph D with a marking, we cut D open at the marked 
points. This produces a collection {Di, . . . ,Dm} of simple knotted MOY graphs 
marked only at their end points. We call each Di a piece oi D. It is easy to see 
that each Di is one of the following: 

(i) an oriented arc from one marked point to another, 

(ii) a star-shaped neighborhood of a vertex in an (embedded) MOY graph, 

(iii) a crossing with colored branches. 

Definition 6.3. If 1?^ is of type (i) or (ii), then it is an (embedded) MOY graph, 
and its matrix factorization Cf{Di) is an object of hmf/j^^ui;. We define the chain 
complex associated to Di, which is denoted by Cf{Di) = Cf{Di), to be 

0-^C/(A) ^0, 

where Cf{Di) has homological grading 0. 
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The definitions of Cf{Di) and Cf{Di) for a colored crossing are more complex. 
Next, we adapt the construction in [20] to define the chain complexes associated to 
colored crossings. 



6.1. Chain complex associated to a colored crossing. 
Lemma 6.4. Suppose that M is an object o/HMFj^^, where 

R = Sym(X|Y|A|B)«)ci?B, 



w = /(X) +/(¥)- /(A) 



Then, 



HomHMF(C'/(„ 



where H{M ®^ C/(„ 



i-)) is the usual homology of the chain complex 



i+k) ■ 



Proof. The proof of [201 Lemma 11.9] applies here without change. 



□ 



Figure 17. 



Lemma 6.5. Let m, n be integers such that < m,n < N . For max{m — n, 0} < 
k < m, define and F^ to be the MOY graphs in Figure [77[ Then Cy(F^) ~ 

Q(rf). 



Proof. This is a special case of Theorem 



□ 
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Lemma 6.6. Let m,n be integers such that < m,n < N . Define and to 
be the MOY graphs in Figure For max{m — tt., 0} < j, k < m, 



HomHMF(Q(r,^),Q(r^)) 
HomHMF(C/(r,^),Q(r«)) 



HomHMF(C/(rf),C/(r^)) 

^HomHMF(Q(rf),Q(rf)) 



C/(0){ 







7i-{-j-\'k~m 




N-\-77i — n~j — k 




N-\-m — 71— j — k 




N 


k 




3 




m — k 








ji-\-j-\-k—m_ 



{ra+ri)N—n — m 



In particular, the lowest non-vanishing total polynomial grading of these spaces 
are all (k — j)^. And the subspaces of homogeneous elements of total polynomial 
degree (fc — j)^ of these spaces are 1-dimensional and have Z2 grading 0. 

Proof. This lemma follows easily from Lemma |6^ Corollary 13.111 and Decomposi- 
tions (LII) fTheorcms 15.11 and 13.121 ) See the proof of [20l Lemma 11.11] for more 
details. □ 



Corollary 6.7. Let m, n be integers such that < m,n < N . For max{TO — n, 0} < 
k < m, the matrix factorizations C fiT^^) and C f{T^') are naturally homotopic in the 
sense that the homotopy equivalences C/(r^) ^ CfiV^) and CfiV^) ^ Cf{Tjl) 
are unique up to homotopy and scaling. 

Proof. The existence of these homotopy equivalences follows from Lemma l6.5l The 
uniqueness follows from the j = k case of Lemma 16.61 □ 



Definition 6.8. We define : C/(r^) — > Cf{r^-^^) to be a homotopically non- 
trivial homogeneous morphism of total polynomial degree 1 and Z2 degree 0. By 
Lemma 16.61 d^ is uniquely defined up to homotopy and scaling. 

By Corollary 16.71 C/(r^) and C/(r^) are naturally homotopic (up scaling.) 
Abusing the notation, we let 

4 : C/(r^)~>Q(rf^i) 



be the morphisms corresponding to d^ : C/(r^) — > Cf i^k^i) under the natural 
homotopy equivalence. These morphisms are all homotopically non-trivial homoge- 
neous morphisms of total polynomial degree 1 and Z2 degree 0, which, by Lemma 
16.61 uniquely defines these morphisms up to homotopy and scaling. 



Corollary 6.9. Up to homotopy and scaling, every square in the following diagram 
commutes, where the vertical morphisms are either identity or the natural homotopy 
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equivalence. 



C/(rf)' 



■C/(r^Ti) 



■Q(rf^i) 



Proof. This follows easily from Definition 16.81 and Lemma [6.61 □ 
Theorem 6.10. d^^^ o ~ 0. 

Proof. Note that dj-^^^ o : C/(r^) C/(r^-|-2) has total polynomial grad- 
ing 2. But, by Lemma 16.61 the lowest non- vanishing total polynomial grading 



of HomHMF(C(r^), C(r^^2)) is 22 = 4. So o 



0. 



□ 



Definition 6.11. Let ^ = Sym(] 



= + /(¥)- /(A) -/(©), 



and the MOY graph in Figure [T7l Following [20l Definition 2.33], denote by 
hCh''(hmf^ ^) the homotopy category of bounded chain complexes over hmf^ ^. 
We define the unnormalized chain complex Cf first. 



) is defined to be the object 




^ Cfiri) ^ C/(F^_i){g-^} ^ • • • ^ CfiT^){q-n ^ 



of hCh'^(hmf^ where the homological grading on C/( 




) is defined 



so that the term C/(F^){g ^™ '^^j have homological grading m — k. Note that, 
if m > n, then the last homotopically non-trivial term in the chain complex 



) is C/(r^_„){g-"} since C/(r^) ~ if A: < max{0,m-n}. 




) is defined to be the object 



of hCh'^(hmf^ where the homological grading on Cf{ 




) is defined 
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SO that the term C f{Tj^){q"^ ^} has homological grading k — m. Agam, note 
that, if TO > n, then the first homotopicaUy non-trivial term in the chain complex 

C/( \ ^ ) is C/(r™_„){q"} since C/(r^) ~ if < max{0,TO - n}. 




By Corollaries 16.71 and 16.91 changing in the above construction to does 



not change the isomorphism type of C/ ( 




) and Cfi 




The normalized chain complexes C/( 




) and Cf 




are defined to be 






) (m) II - mlKg^t^+i-'")} if to = n, 



if TO 7^ n, 



) (to) llmlllg-^^^+i-™)} if TO = n, 



if TO 7^ n. 



Here, ||to|| means shifting the homological grading by to. (See Definition 2.33].) 

6.2. The chain complex associated to a knotted MOY graph. Let D be a 

knotted MOY graph with a marking, and Di, . . . ,Di its pieces. In Definitions 
and 16. Ill we have defined the chain complexes Cf{Di) and Cf{Di) for each 



Definition 6.12. 



CfiD) := (g)Q(A), 
1=1 



CfiD) 



where the tensor product is done over the common end points. More precisely, for 
two pieces Di^ and Di^ of D, let Wi, . . . , Wj be the alphabets associated to their 
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common end points. Then, in the above tensor product, 

If D is closed, i.e. has no endpoints, then Cf{D) is an object of hCh''(hmffl;^_o)- 
Assume D has endpoints. Let Ei , . . . , E„ be the alphabets assigned to all end points 
of D, among which Ei , . . . , E^, are assigned to exits and ^k+i, • ■ • j E„ are assigned to 
entrances. Let R = Sym(Ei| • ■ • |E„) (g)c Rb and w = fi^i) - Z]"=fe+i fi^j)- 

In this case, Cf{D) is an object of hCh (hmf^^). 

Note that Cf{D) has a Z2-grading, a total polynomial grading and a homological 
grading. 

Corollary 6.13. The isomorphism type of the chain complexes Cf{D) and Cf{D) 
associated to a knotted MOY graph D is independent of the choice of the marking 
ofD. 

Proof. This follows easily from Lemma 13.61 and Corollary 16.91 See [501 Corollary 
11.18] for a more detailed proof. □ 

6.3. A null-homotopic chain complex. Next we introduce a null-homotopic 
chain complex that will appear in our proof of the invariance under fork sliding. 
The construction of this chain complex is similar to the chain complex of a colored 
crossing. 



Figure 18. 



Lemma 6.14. Let m,n he integers such that < m,n < N — I. For max{m — 
n, 0} < fc < TO + 1 and max{TO — < j < to, define Ffc and Tj to be the MOY 

graphs in Figure \TSl Then, for maxjm ~ n,0} < k < m + 1, 

(Cf{T'J z/fc = m + l, 

C/(Ffc)~ < C/(F'J ©C/(F;^._i) 2/ max{m-n,0} + l < fc < m, 

lC/(rmax{m^„.0}) = max{77i - 71,0}. 

Proof. This is a special case of Decomposition (V) (Theorem 15.61 ) 



Lemma 6.15. Let F 



fc an 



d F' be 



Lemma \6. 14\ The 



HomHMF(C/(F;),Q(Ffc)) 
Q(0){ 



n+fc+j — m 




n-{-k-\-j — 7n 




N'\-77i — n — k—j 




N-^m — n—k—j 










j 




ni-j 








_n-\-k-\-j — rn_ 



In particular, the space is concentrated on Z2-grading 0. The lowest non-vanishing 
total polynomial grading of the above space is {j — fc)(j — fc + 1). Moreover, the 
subspace of homogeneous elements of total polynomial degree {j — k){j — k + 1) is 
1- dimensional. 



□ 



{m+n+l){N-l)-m^ 



-}■ 
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Proof. This follows easily from Lemma 16.41 Corollary 13.111 and Decompositions 
(I-II) (Theorems O and EH) See ^ Lemma 11.20] for a detailed proof. □ 



The next two lemmas are easy consequences of Lemma 16.151 See 
11.21 and 11.22] for their proofs. 

Lemma 6.16. For max{?Ti — n, 0} < i,j < m, 

Homh„,f(C/(n),C/(r;.)) 

In the case i = j, Homhmf (C'/(r^), C/(r^)) is spanned by idc^^r'. 
Lemma 6.17. For max{m — n,0} < j, k < m + 1, 



Lemmas 




Homh,nf(C/(r,),Q(rfc)) 



C ® C if maxjrn — n,0} + 1 < j ~ k < m, 

C if i ^ k = max{m — n, 0} or m + 1, 

C if \j - k\ = 1, 

if\j-k\>l. 



Definition 6.18. Denote by 

Jk,k : Q(r',) Q(r,.) 
Jk,k-i ■ C/(r'j,_i) ^ C/(rfc) 

Pk,k-i : Cf{rk)^Cf{r',_,) 

the inclusion and projection morphisms in the decomposition 
Define 

Si = Jk-i,k-i o PkM-i ■■ Cf{Tk) ^ CfiVk-i), 

Sk = Jk+i,k o Pk,k ■ CfiTk) -> C/(rfc+i). 

and J^T are both homotopically non-trivial homogeneous morphisms preserving 
both the Z2-grading and the total polynomial grading. By Lemma 16.171 up to 
homotopy and scaling, (5^ and (5^ are the unique morphisms with such properties. 



Lemma 6.19. 5^ o 6^ 



0^' Sk+i ° 5^ 



0. 



Proof. By definition, (J^t^j^ o 6^^ and iJj,^^ ° ^k preserve both the Z2-grading and the 
total polynomial grading. But, from Lemma 16.171 we have that 



Honw(C/(rfc),Q(rfc_2)) = Honw(Q(rfc),C/(rfc+2)) ^ o. 



0. 



□ 



Let R = Sym(X|Y|A|ID) ®c Rb and w = /(X) + /(Y) - /(A) - /(B). The above 
lemmas imply the following. 
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Proposition 6.20. Let ki and fe he integers such that max{m — n, 0} + 1 < fci < 

k2 < m. Then 



0- 



C/(r' ) 



— Q(n^_,f:i^cKr.j^ 



"(=2-1 







are both chain complexes over hmf^ ^ and are isomorphic in Ch''(hmf^^) to 

(0 — -Q(r;.)^C/(r;.) — .0,) 

which is homotopic to fi.e. isomorphic in hCh''(hmf^ to 0.) 

6.4. Explicit forms of the differential maps. In this subsection, we give an 
explicit construction of the differential maps of the chain complex of a colored 
crossing and the nuU-homotopic chain complex introduced above. 







+k 










■ 1 




J 




+fc 








k 



n+fc-m-1 




n + k-r, 




1 


k-1 


k 







r 


1 


1 




<t>k.2 






,2 




n + k-. 




1 














+ k-l 




1 


















k-1 





Figure 19. 

Consider the MOY graphs and the morphisms in Figure[T9l where 0fe,i , 0;. ^ , x^® 
® X^T^k, hk, 4>k,2, 4>k 2 ^'^s the morphisms induced by the apparent basic 
local changes of MOY graphs as defined in Section Define and d^_j^ by 

,1 ^ 



0j,2o/ifeo(x ®X )o0fc,l- 



Theorem 6.21. d^ and A'f._-^ are homotopically non-trivial homogeneous mor- 
phisms of l2-degree and quantum degree 1 — / . 

When I = Q, and dj^_-^ are homotopic to scalar multiples of the differential 
maps d'^ and d'f,_^ of the chain complexes associated to colored crossings defined in 
Definition \6.11i 

When Z = 1, and d^ j are homotopic to scalar multiples of the differential 
maps 6'^ and Sj^_-^ of the null-homotopic chain complexes in Proposition \6.20[ 
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Proof. It is easy to check that and are homogeneous morphisms of Z2- 

degree and total polynomial degree 1 — I. Recall that the differential maps of the 
complexes in Definition 16.111 and Proposition 16.201 arc homotopically non-trivial 
homogeneous morphisms uniquely determined up to homotopy and scaling by their 
total polynomial degrees. So, to prove Theorem I6.21[ we only need to prove that 
and d^_]^ are homotopically non-trivial. 



Let wq be the functor given in Lemma [379l By Proposition l4. 201 and [20l Theorem 
11.26], we know that ■ni7o(d^) and ■ci7o(djr_]^) are homotopically non-trivial, which 
implies that d^ and d^ j^ are homotopically non-trivial. □ 

Corollary 6.22. The functor wo given in Lemma \3.9\ induces functors of the cat- 
egories Ch'^(hmf) and hCh''(hmf), which are again denoted by Wq. 

IfD is a knotted MOY graph, then wo{Cf{D)) ^ C{D) andwo{Cf{D)) ^ C{D), 
where C{D) and C{D) are the chain complexes associated to D in [201 Definition 
11.4]. 

// we apply vjq to the null-homotopic chain complexes defined in Proposition 
1 6'. 2(A then we get the corresponding null-homotopic chain complexes defined in |201 
Proposition 11.25]. 

Proof. Since 1370 is induced by a projection map of the base ring, it is clear that 
zuq induces functors of the categories Ch^(hmf) and hCh^(hmf). By Lemma [HI 
wq{C f{D)) and C{D) are chain complexes over hmf with the same terms. By 
Proposition 14.201 Theorem 16.211 and [20l Theorem 11.26], we know that the chain 
maps of wq(C f{D)) and C{D) are the same (up to homotopy and scaling of mor- 
phisms of matrix factorizations for each piece of D.) So ■n7o(C/(I?)) = C{D). Note 
that wo{Cf{D)) and C{D) are define from ^0(0 f{D)) and C{D) by the same 
grading shifts. So vuo{Cf{D)) ^ C{D). 

The result about chain complexes defined in Proposition 16.201 can be proved 
similarly and is left to the reader. □ 

Corollary 6.23. 

Cf{ V ) = "0 ^ Cf{ ^YlT ) ^ Cfi 1 . 1 ){q-'} ^ 0" 




) = "0 ^ Cf{ 



n )^0", 



0", 



where the x*^- and -morphisms are defined in Proposition \4.1^ and the homological 
gradings are given in Definition \6.11\ 
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Proof. We only prove 




){q-'] ^ 0" 



The proofs of the other isomorphisms are very similar and left to the reader. By 
Definition I6.11[ we know that 




= "0^C/( 



){g-i}^0" 



where is given in Definition 16.81 From Definition 16.81 and Proposition I4.f 2[ we 



know C f ( 



.1 )^Cf{ 



)andC/( 



) 



are both homotopically non-trivial homogeneous morphisms of total polynomial de- 
gree 1. By Lemma l6.61 such a morphism is unique up to homotopy and scaling. So 



^ df . This shows that 



Cfi 




) - "0 ^ Cfi 



){g-i}^0". 



□ 



Remark 6.24. Corollary 16.231 shows that the chain complex CfiD) defined in Defi- 
nition [6?T2] generalizes the chain complex used by Krasner in [8]. 

7. fNVARIANCE UNDER FORK SLIDING 



The goal of this section is to prove Theorem 17. f) which is the key step in the 
proof of invariance of the equivariant colored s[(A^)-homology. 



Theorem 7.1. 



Cfi 




)^Cfi 



) Cji 



Cfi 



Cfi 





)^Cfi V") Cfi 



V '/ 

)^Cfi V") Cfi 



)^Cfi 



)^Cfi 



)^Cfi 



" ) 



Cfi 



)c,Cfi V") Cfi 



)^Cfi 
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As in |20j , we prove Theorem 17.11 by induction. The hard part of the induction 
is to prove that the initial cases are true. Here, we state these initial cases in 
Proposition 17.21 below. 



Proposition 7.2. 




V 1/ 



Cfi V 



Cfi 




Cfi V )^Cfi V" ) Cfi 



Cfi 



Cfi 




Cfi 



Cfi 



)^Cfi 




Cfi Y„ V" ) Cfi 



)^Cfi V" ) 



Proof of Theorem \7. 1\ (assuming Proposition \ 7. 2\ is true). Each homotopy equiva- 
lence in Theorem 17. II can be proved by an induction on m or Z. We only give details 
for the proof of 



(7.1) 




)^Cfi V") 



The proof of the rest of Theorem 17. II is very similar and left to the reader. 

Wc prove (|7.ip by an induction on I. The / = 1 case is given in Proposition [7?2l 
Assume that (j7.ip is true for some I = k > 1. Consider I = k + 1. By Decomposition 
(11) (Theorem [3TT21) . wc have 




Cfi 



)^Cfi^\/"){[k + l]}. 
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By Corollary 13.111 we have 




m+l 










m + fc + 1 

















m ^ 




■ k 











m + fc+1 



By the ^ = k case of (|7.1|) . wc have 







1 t 


■ A: 




TTl+1 






m+l 


















^ m + fc + 1 



By the / = 1 case of (|7.ip . we have 




m+l 




m + l 














f ,71 + fc+l 




'm + fc + 1 



By Proposition [721 known that 



m + l 






m + fc + 1 



Putting everything together, we have 



|fc+i 



Cfi 


1 t 




m + l 








'm + fc + 1 



Cfi V + v^){[fc + i]} 




Then it follows from [20l Proposition 3.20] that 

\ni k + y^ \m fc + l/'' 

Cfi V )^^/( 



)• 
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In the remainder of this section, we concentrate on proving Proposition 17.21 We 
only give detailed proofs of 

1/ 

(7.2) 




)^Cf{ V") 



and 



(7.3) 



The proof of the rest of Proposition 17.21 is very similar and left to the reader. 

7.1. Chain complexes involved in the proof. In this subsection, we list the 
chain complexes that will appear in the proof of (|7.2p and (|7.3p . 



-i+fc 



Figure 20. 

Denote by fk the MOY graph in Figure [20l Then Cf{ 




IS 



(7.4) C/(r,„+i) Cf{Trr,){q-^} — 

where /cq '■= max{0, m + 1 — n}. Similarly, C/( 



fco + i 



>Q(r^o){9 """" 



)is 



(7.5) o->Q(r^j{r+i-^-n^---- 



A Cf{Tm){q} ^ Cf{Tra+l) ^ 0. 



a + 1 



v 



x + 1 



n 



Figure 21. 
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Let r;^ and T'^ be the MOY graphs in Figure EH Let ,5^ : C/(r'J ^ Cf{r'^^^) 
be the morphisms defined in Definition 16.181 with explicit form given in Theorem 
16.211 Let C'^ be the chain complex 



(7.6) ^ CfiT':,,^,) - 
and the chain complex 



ka + 1 



(7.7) ^ C/(r',j Q(r,;„_i) "^"""""S C/(rl_i) ^ o, 

where fco = max{ 777, 77,0} and Jrn—l.rn — l-) Prn—l.rn—1 

are defined in Definition 16. 181 
Then, by Lemma [6.141 and Proposition 16.201 both are isomorphic in Ch'^(hmf) 
to 

m— 1 

0(0 — ^ Q(r;') ^ Q(r;') — . o, ) 

and are therefore homotopic to 0. 



fc,0 



fe,i 



Figure 22. 



V 1/ 



Now consider Cf{ 



and Cf{ 




Note that each of these knot- 



ted MOY graphs has two crossings - one ±(m, n)-crossing and one ±(1, n)-crossing. 
Denote by the differential map of the ±(7ti, n)-crossing. From Corollary 16.231 
the differential map of the +(1, n)-crossing (resp. — (1, 7i)-crossing) is (resp. .) 
Let Ffe.o and Ffe_i be the MOY graphs in Figure!^ Then acts on the left square 
in Ffe and F^. i, and x"; act on the upper right corners of F^. g and F^. i. The 
V 

chain complex Cf{ \/ " ) is 



(7.8) 

^ c^(r„,i) ^ 

C/(r„._i_i){9-i} 

where fco = max{m — n, 0} as above and 

-d+ 



4+1 x' 
-4 



for kf) < k < 
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Similarly, The chain complex C/( 




(7.9) 

C/(rfc_i,i){9"+i-n 
where fco = max{m — n, 0} as above and 

d7 



or = 



= 



( x° ) 



C/(r„,o){q} 

e 

C/(r„_i,i){9} 



for ko < k < TO, 




Figure 23. 



7.2. Commutativity lemmas. 

Lemma 7.3. Consider the diagram in Fiaure [2B. where the morphisms are induced 
by the apparent basic local changes of MOY graphs. Then x]\ ~ ^2 o Xf ° Xn ° 



(a 



and X 

Figure \23\ commutes in both directions. 
Proof. It is easy to check that 



That is, up to homotopy and scaling, the diagram in 



HomHMF(C/( 




Hfi 



)) 



) (to + n + 1) |(j('"+"+l)(-'^^"'^"^l)+2™+2n+m"| 
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By Corollary 13.111 Theorem 13.121 and Proposition 13. 13[ we have 





r 


'm + n + 1 1 






m + 1 






~m 1 ^ 










m + n 


n-1 



)'^Cf{%) (m + n + l){[m + l] 



m - 


- n 






N 






hi. 


[m + n+ 1] 






- 1 


m - 




m - 


f r^^ 



}• 



So 



HoniHMF(C/( 



= Q(0){[m + 1] 
Similarly, 



HomHMF(C/( m.+i 



C/(0){[m + l] 




)) 



m 


+ n 






N 






+ 1. 




n + 1] 




- 1 


m 






m + n 4- 




1 






















m + l 






),C/( 


m + n + 1 


A 






1.-1 








m + n 




1 




An + n 




m 


-f n 






iV 






+ 1. 




n + 1] 




- 1 


m 






m + n 4- 



{m+n+l){N-m-n-l)+2m+2n+mn 



}■ 



)) 



{m+n+l)(N-m-n-l)+2m+2n+mn 



}■ 



So these HomuMF spaces concentrate on Z2-grading 0. The lowest non-vanishing 
total polynomial grading of these spaces is m + l. Moreover, the subspaces of 
homogeneous elements of total polynomial degree m + 1 of these spaces are 1- 
dimcnsional. 

Note that x^, h2 o ° xh ° f^i- Xa ^^^'^ ° Xn ° Xf ° ^2 arc all homogeneous 
morphisms of total polynomial grading m+l. Therefore, to prove the lemma, 
we only need to show that all these morphisms arc homotopically non-trivial. Let 
1370 be the functor given in Lemma 13.91 By Proposition 14.201 and the proof of 
[20l Lemma 12.3], one can sec that -cuo{x\), tno(/i2 ° x] ° xh ° hi), tz7o(x^) and 
■ct7o(/ii o xS ° Xf ° ^2) are homotopically non-trivial. So ^2 o Xf ° Xd ° ^i; Xa 
and /ii o Xn ° Xf ° ^2 are also homotopically non-trivial. □ 



Definition 7.4. Consider the morphisms in Figure [531 where (/> and arc the 

morphisms induced by the apparent edge splitting and merging, h and h arc induced 
by the apparent bouquet moves. Define ip := h o cf) and Jp :— (j) o h. 

Let 1370 be the functor given in Lemma 1331 By Proposition 14. 201 it is clear that 
wo{^) and ct7o(^) arc the morphisms defined in |201 Definition 12.4]. 

By Corollarv l3.11[ Lemmas 14.81 and 14.101 it is easy to check that, up to homo- 
topy and scaling, ip and Ip are the unique homotopically non-trivial homogeneous 
morphisms between C/(r) and C/(r) of Z2-degree and quantum degree —mn. 
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And they satisfy, for A,/i S A„i_„, 
(7.10) ^om(5A(X).5,,(-Y))o(^« 



otherwise. 



n Vi 



Lemma 7.5. Consider the diagram in Figure \25\. where ipi and Tp^ are the mor- 
phisms defined in Definition \7.4\ associated to the apparent local changes of the MOY 
graphs. Then V'2 o V'l ~ (fi ° (fis and o ^2 ~ ^3 ° ^4- That is, the diagram in 
Figure [HI commutes up to homotopy and scaling in both directions. 



To 



V>3 



tp4 



w 



V2 



j m+j m-\-n + j 



Figure 25. 



Proof. As in the proof of [201 Lemma 12.5], a straightforward computations shows 
that 

HomHMF(C/(ri),Cj(ro)) - HomHMF(C/(ro),C/(ri)) 

C/(0){['^ """""" '1 """""" '1 [ 1 r^ + ^ + 'l r^ + ^l^Cm + ri + l+J + fcXiV-m-n-O-J^-fc^}. 

L j J L J I'm + n + iJL i JL Ti J 
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Thus, HomHMF(C/(ri), C/(ro)) and HomHMF(C/(ro), C/(ri)) are concentrated 
on Z2-degree and have lowest non- vanishing total polynomial grading —mn~ mi- 
ni. And the subspaces of HomHMF(C'/(ri), C/(ro)) and HomHMF(C/(ro), C/(ri)) 
of homogeneous elements of total polynomial grading —mn—ml—nl are 1-dimcnsional. 

Note that (/?2 o Vi? ¥'4 ° '/'Si ° ^2 ^-^'^ ^3 ° Va ^-''^ homogeneous of total 
polynomial degree —mn — ml — nl. So, to prove the lemma, we only need to show 
that these morphisms are all homotopically non-trivial. Let voq be the functor given 
in Lemma [3.91 From Proposition 14.201 and the proof of [501 Lemma 12.5], one can 
see that n7o((/32°</'i)j ''^oiV't^Vs)^ ^0(^1 0^2) ^-^^d zuQ{'ip^o'ip^) are all homotopically 
non-trivial. So (/?2 o y'l , ^4 o <f3, ^1 ° ^2 ^^'^ ^3 ° ^4 homotopically non- 

trivial. □ 



7.3. Decomposing Cf{Tkfi)- In this subsection, we review a special case of De- 
composition (IV), including the construction of all the morphisms involved, which 
will be useful in our proof of the invariance under fork sliding. 

By Decomposition (IV) (Theorem 15. Sp . we have 
(7.11) 



) © Cf{ 



){[m-fc]}. 



Define morphisms 



1 ) 



by the diagram 



That is, 



G = (/)io7iiox\ 
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where the morphisms on the right hand side are induced by the apparent basic 
local changes of MOY graphs. Then F and G are both homogeneous morphisms 
preserving both gradings. By Lemma [4.10l and Proposition l4.12l we have that, after 
possibly a scaling, 

(7.12) GoF~id, 
where id is the identity morphism of C/( 

n + f 

Define morphisms 



by the diagram 




That is, 

a — ° ^2 o 02, 

where the morphisms on the right hand side are induced by the apparent basic local 
changes of MOY graphs. Then define 

a = ^ m{r^)oa = {a, m(r) o a, m(r™~'''~^) o a), 
/3 = /3om((-ir-''-i--'A™_fc_i_,) = 



\ 



/3om(-Ai) 



J 
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where Aj is the j-th elementary symmetric polynomial in A. Then 
Cfi ){bn~k]} ^ ^Cfi 



1 ), 



Cfi 



^1 ){[m-k]} 



are homogeneous morphisms preserving both gradings. Moreover, by |20[ Lemma 
9.12], 



.+1 ^ci 



^1 ){[m-fc]} 



is a homotopy equivalence of matrix factorizations, where wq is the functor given 
in Lemma 13.91 So, by Lemma |2.5[ 



Cfi 



(3oa 



■Cfi 



){[m - k]} 



is a homotopy equivalence of matrix factorizations. Therefore, there exists a homo- 
geneous morphism 



Cfi 



){[m-k]} 1 ^Cfi 



preserving both gradings such that 

(7.13) ro/3oQ;~/3oQ;or~id, 



){[m-fc]}. 



where id is the identity morphism of C/( 



By a computation similar to that in Lemma 9.13], one can check that the low- 



est non- vanishing total polynomial grading of HomnMF (C / ( 



,1 ),Cfi 
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and HomHMF(C/( 

plies that 

Honihmf(C/( 

Honihmf(C/( 



^1 )) is m + 1 — A:, which im- 



i+l-fc n+k- 



){[m~k]},Cf{ 



l + l- fc Tl + fc-T 



))-0, 



){[TO-fc]})-0. 



PoF ~ 0, 
Goa ~ 0. 



Therefore, 

(7.14) 
(7.15) 

From the proof of Decomposition (IV) (Theorem 15.51 ) we know that the mor- 
phisms 
(7.16) 

ro/3 j 



F, a 



1 + fc-l-TT^ 



)ec/( 



1+l-fc n+k- 



+1 



and 
(7.17) 



Cfi 



G 

/3 



a o T 



)®Cfi 



n ){[m 



are two pairs of homotopy equivalences of matrix factorizations that preserve both 
gradings and are inverses of each other. 

Next, we apply the above discussion to MOY graphs that appear in the chain 
complexes in Subsection 1 7. II Consider the MOY graphs in Figure [26l By Corollary 
EH we have Cf{Tk,o) - Cf{Tk,2) and C/(ffc) ^ Cf{Tk,3). By ^AH, Cf{Tk,2) ^ 
CfiTk^s) © C/(r^){[?7i - k]}. Altogether, we have 



(7.18) 



C;(r,,o)^C/(rfe)©C;(r'fe){[m-fc]}. 
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1 


n-1 ' 




n + k- 






+k 




m-k 




k m ■ 



k,0 



11+1 
-l+fc 



■1 + 1 



Figure 26. 



fc,3 





1 


' 71-1 
















1 


A; m 


m + 1 



fe,0 



+ 


1 


n-1 








1 


k 












7TZ+1 



Figure 27. 



In Figure [27l the morphisms Fk and G^- are defined by 

Gfe = h oip^ox , 

where the morphisms on the right hand side are induced by the apparent basic local 
changes of MOY graphs. Then and Gk arc homogeneous morphisms preserving 
both gradings and satisfy 



(7.19) Gk o Fk ~ id 



C/(rfc)- 
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In Figure 1281 the morphisms ak and are defined by 

where the morphisms on the right hand side are induced by the apparent basic local 
changes of MOY graphs. Define 

m — k—l 

dk ^ ^ m(r^) o Qffe = (afc, m(r) o Qffc, . . . , m(r""*-^"^) o afc), 

j=0 

/ /3fcom((-l)™-'=-M„_fc_i) \ 

m—K—1 

;9fc = /?feOm((~l)"-'=-l-JAn-fc-l-,) = 



3=0 



\ 



;3fe om(-yli) 



Then there is a homogeneous morphism : Cf{r'i^){[m — k]} — > C/(r'j.){[m — k]} 
preserving both gradings such that 

(7.20) Tfc o^fc ottfc ~ /3fc oafc oTfc ~ idc^(r;^){[™-fc]}. 
We also have 

(7.21) Gk odk^O and Pk o ~ 0. 
Corollary 7.6. T/ie morphisms 



Gk^ 

Tk°Pk 



(7.22) C/(rfc.o) 



( i^fc, c5fc ) 



\C}lVk)®Gf{T'^){[m-k]} 
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Gk 



(7.23) C^r^.o) 



( Ffc, dfc O Tfc ) 



\Cf{Vk)®Cf{T'^){[m-k]} 



are two pairs of homotopy equivalences of matrix factorizations that preserve both 
gradings and are inverses of each other. 

7.4. Relating the differential maps. Consider the diagram in Figure wliere 
d^, d'^_^ act on the left square, and (^i, Tp,j_ are induced by the apparent local changes 
of MOY graphs. We have the following lemma, which relates the differential maps 
V 

of C± to that of C'/( \/ " ) and Cf{ 




i/3iom(r''* ') 



{r} 



m+1 



Figure 29. 



Lemma 7.7. 8'^ ^.Tp^o d\ o m(r™^'^) o ip-y and (J^Jl-^ « ^^j^ o m(r™^'^) o d'j^-^ o 1^92. 
That is, the diagram in Figure \29\ commutes up to homotopy and scaling in both 
directions. 

Proof. By Lemma |6.17[ 



Homhmf(C/( 



.+i-k ),Cf{ 



Homhmf(C/( 



ri + 2-fc )l C/( 71 + fc 



)) = c, 



H1-.))=C. 
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Note that , o d'^ o m{r 



m~k\ 



<<2i, Sf^_^ and o m(r™ ) o d^. -^ o ip2 arc all 



homogeneous morphisms preserving both gradings. So, to prove the lemma, one 
only needs to prove that these morphisms are all homotopically non-trivial. 

By their construction in Subsection I6.3[ it is easy to see that and S'^_^ are 
homotopically non-trivial. Let wq be the functor given in Lemma l3.9l From Corol- 
lary [622] and [2ni Proposition 11.25], one can see that njo{S'^) and tuq{6'i^_-^) are 
also homotopically non-trivial. 

By Proposition 13201 Corollary E^l and [201 Lemma 12.8], we have 

which implies that wo{'if2°dt °^{^"^~'')°'Pi) and g7o((^i om(r'"~*'') od^ j^ o 1^2) are 
homotopically non-trivial. Therefore, ^2 ° '^fe ° Tn(r™~'^') o 1^91 and Tp-^ o m(r'"~'"') o 
dfc_i ° ^2 are also homotopically non-trivial. □ 



1 + k 











1 


' n-l ' 












k 









TTl + l 



Pfe-l 

Fk-1 



1 


n-l' 


7r + k-l-77^ 




m-k + 1 




k-1 






-1.0 



Figure 30. 



Lemma 7.8. In Figure [SOi w Gk-i o o Fk and d'^_^ « Gfc o d'^_^ o F^-i. 
That is, the diagram in Figure \30\ commutes in both directions up to homotopy and 
scaling. 

Proof. From Lemma [63] and Decomposition (II) (Theorem 13. 121 ) we know that 



HomHMF(C'/(ffc),C/(ffc_i)) = IIomHMF(C/( „4 



hl-fc )j Cf{ n + k-l 



.)){[m+l]r}. 



HoniHMF(C/(ffc-i),C'/(ffc)) = HomHMF(C/( „+fc_i 



„ + 2-fc), C/( , 



,,_.)){N+1]'Z"}. 
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By Lemma 16.61 this means that the lowest non- vanishing total polynomial grad- 
ing of HomHMF(C/(ffc),C/(ffc_i)) and HomHMF(C/(f C/(f fc)) is 1, and the 
subspaces of these spaces of homogeneous elements of total polynomial grading 1 
is 1-dimensional. Note that d^, Gk-i o o F^, d^_i and o d^-i ° Pk~i a-re 
all homogeneous morphisms of total polynomial degree 1. So, to prove the lemma, 
we only need to check that , Gk-i ° o'^ ° Fk, d'j^_i and Gk ° d'^-i ° Fk-i are 
honiotopically non-trivial. 

Let d^ be the differential map associated to a ±(m + 1, n)-crossing. From their 
definitions, we know that the morphisms 



dt 



are homotopically non-trivial. We need to show that 



Lfc ^k-1 
are homotopically non-trivial. To do this, we only need to show that 



m + 1 ; 



are homotopically non-trivial. 
Consider the diagram 
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where 4> and 4> arc morphisms induced by the apparent edge sphtting/merging. This 
diagram commutes in both directs up to homotopy and scahng since the horizontal 
and vertical morphisms act on different parts of the MOY graphs. Thus, by Lemma 
14.101 we have that 

d+ « d+o'4>o m(r'") o w ^ o d+ o m(r'") o (j), 

d^-i ~ d^-i ° o m(r'") o (/) « o d'^._T^ o m(r™) o </>. 

Since and d^_i are homotopically non-trivial, this implies that and are 
homotopically non-trivial. 

Let -cdq be the functor given in Lemma 13.91 A similar argument shows that 
zuo{d'^) and wo{d^_-^) are homotopically non-trivial. By Proposition l4.20l Corollary 
16.221 and pOl Lemma 12.11], we know that 

wo(d^) w wo{Gk-i od'l: o Fk), 
^aidk-i) ~ vuo{Gkod'^_-^^o Fk-i). 

So tuo(Gfe_i od'^ oFk) and wo{Gkod^_-^ oFk-i) are homotopically non-trivial, which 
implies that Gk-i °d'^ o Fk and Gk o d'^_-^ o F^-i are homotopically non-trivial. □ 



.1+1 



A m,l — m 



r' 

?n — 1 



r" 

^ m-l 




7.5. Decomposing C/(r„i,i) = C/(rj^). Note that r„i_i coincide with FJ^. Con- 
sider the MOY graphs in Figure ED By Corollary EH C/(F;;) ~ Cf(T^+i). By 
Decomposition (V) (TheoremEU), C/(F;„) ~ C/(F;;_i) ® C/(r;;j. So 

(7.24) Cf{T^s) ^ Cf{Tl_,) ® C/(r™+i). 

Lemma 7.9. 

Homh„,f(C/(f,„+i),Cy-(r;„_i)) - Honw(C/(r;„_i),C/(r™+i)) = o. 

Proof. The proof of [20l Lemma 12.12] applies here without change. □ 
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Corollary 7.10. 

Homw(C/(r™+i),C/(r:;_i)) - Homhn.f(C/(r;;_i),C/(r™+i)) = o. 

Proof. By Decomposition (V) (Theorem EH), Cf{r^_i) ~ Cf{r';^_i)eCf{T';^_2). 
So the corollary follows from Lemma 17791 □ 

Lemma 7.11. Homhmf (C/(r„+i), C/(r,„+i)) ^ C. 

Proof. The proof of [20l Lemma 12.14] applies here without change. □ 
Corollary 7.12. 

Homhmf(C'/(r™+i),C/(r„,i)) = Homhraf(C/(rm,i),C/(rm+i)) ^ c. 
Proof. This follows easily from (|7.24p . Corollary 17. 101 and Lemma [7. Ill □ 




Figure 32. 
Consider the diagram in Figure [32l where 

and morphisms on the right hand side arc induced by the apparent basic local 
changes of the MOY graphs and 

Lemma 7.13. Up to homotopy and scaling, Cf{Tm+i) ^ Cf{Tm,i) cindCf{Tni,i) 
Cf{Tm+i) are the inclusion and projection of the component C/(rm+i) in decom- 
position (j7.24p . 

Proof. Note that j and p are homogeneous morphisms preserving both gradings. 
So. by Corollary [7321 to prove the lemma, we only need to show that j and p are 
homotopically non-trivial. Let wq be the functor given in Lemma 13.91 From |20[ 
Lemma 12.16], we know that vJo{j) and vJo{p) are the inclusion and projection of 
the component C(rm+i) in the decomposition 

c(r„,i) ^c(rl_i)©c(f„,+i). 
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So n7o(j) and ■cuo{p) are homotopically non-trivial, which implies that J and p are 
honiotopically non-trivial. □ 



Tm+l 



rri+l 

1+ 



Km) 



m,3 



Figure 33. 



Lemma 7.14. Consider the diagram in Figure [SR where > X^; /i^™-* and /i^ ^ 
are induced by the apparent basic local changes of MOY graphs. Then d^^_^^j^ « 

o o J and J" « p o o /i^'"'. T/iaf is, t/ie diagram in Figure [33\ commutes 
in both directions up to homotopy and scaling. 



Proof. This follows easily from the definitions of d^_^i, cZ^, J, p and Lemma [7731 □ 



1+1 

1 + m 



r" 

^ m-l 





r' 

^ m-l 



-L m,l — -L m 



Figure 34. 
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Denote by / : ^/(d) ^ C/(r™,i) and p" : Cf{T^.i) -> Cf{T';,-^_,) the 
inclusion and projection between Cf{T'^^_i) and C/(rm,i) in (|7.24p . Consider the 
diagram in Figure where Jm-i,m-i, Pm-i.m~i are defined in Definition 16.181 
We have the following lemma. 

Lemma 7.15. o j" J„i_i^„i_i and p" o S^_^ « Pm-i,m-i- That is, the 
diagram in Figure commutes in both directions up to homotopy and scaling. 

Proof. The proof of [20l Lemma 12.18] applies here without change. □ 

7.6. Proof of Proposition 17.21 In this section, we prove (|7.2p and (|7.3|) . As 

mentioned above, the proof of the rest of Proposition 17.21 is similar and left to the 
reader. The proof below is a step by step adaptation of the proof of [201 Proposition 
12.2]. 

Lemma 7.16. i^l, Lemma 4.2 - Gaussian Elimination] Let C be an additive category, 
and 



C 



A 

© 
D 



B 

® 
E 



F 



an object ofCh^{C), that is, a bounded chain complex overC. Assume that A B 
is an isomorphism in C with inverse ■ Then I is homotopic to (i.e. isomorphic 
m hCh^iC) to) 



II 



C^D 



^E^F-^-- 



In particular, if 6 or j is 0, then I is homotopic to 



II 



D 



E^F 



1 + 1 

fi + 1 - fc 



fc-i 



1+1 

m + 2-k 



Figure 35. 



Lemma 7.17. 

Homi™f(Q(rl.){[m-fc]g'=-i-™},Q(r',_i)) = 0, 
Homh.„f(C/(r',_i),C/(r;,){[m-fc]g™+i-n) = 0. 

Proof. The proof of [20l Lemma 12.20] applies here without change. 

Proof of homotopy equivalence (|7.2p . We are trying to prove 

Cf{ \/ ) ^ Cf{ V" )■ 



□ 
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Recall that the chain complex C/( \/ " ) is 

m + l 

a+ Cj^(r„.o){9-i} ,+ 

Cj(r„,i) e >■■■• 

where fco = max{m — n, 0} as above and 











( \ 








-4 ) 










( 





for ko < k < m, 



From (|7.18p . we have 

C/(r,,o) ^ C/(r,.) © Cfiri){[m - fc]}. 

(Here, we identify both sides by the homotopy equivalence given in (j7.22p in Corol- 
lary [721) By Corollarv 13. 1 II and Decomposition (II) (Theorem 13. 12p . we have 

Cf{r,.,) CfiT',){[m + 1 - k]} - Q(n){<z'"-n © Cf{r',){[m - k]q-^}. 

Altogether, we have 

C/(r,.+i){g'=-™} 



Q(r,+i,o){9'=-"} Cf{r,^,){[m - k - iig'^-™} 



for ko < k < m, 



® 

Cf{T',){[m-k]q'^-^^-^} 



and 



Q(rfeo,o){g'^«-^-'"} 



Q(r;oo){9'="-^-™} 



V 1/ 



So, Q( 



) is isomorphic to 



C/{r'„_i){9-^} 



"+-1 4+1 Cj(rL+i){[™-fe-il9'=-'"} 

ffi 



C/(r'j^){[m-fei9'=-'"-i} 



C/(r;,Q){9'=o-i-"} 

C/{r'fcj,){[m-feol9'=0-l-'"} 



In this form, for fco < fc < 7ti — 1, 0^ is given by a 4 x 4 matrix (O^^ ,)4x4- Clearly, 



5^.,, =Ofor (*,j) = (3,l), (3,2), (4,1), (4,2). 



By Lemma [7jHl 



0+ « (1+ 
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By Lemma [7771 



Using the homotopy equivalence given in ()7.22p . the definition of ak and that 
Gko ctk- 0, we get 



•'fe;2,4 



By Lemma 17.171 we have 



C/(r'J{[m-fe]g'=-™-i}- 



^ 0. 



Altogether, we have that, for fco < fc < m — 1, 



''fe+i 



4<5+ 

V * 



* cj!idc/(r;^){[m-fc]g'-"'~i} 



where c^, cj^, and c'^! are non-zero scalars and * means morphisms wc have not 
determined. Similarly, 









V 



r' 

'-m-l"m-l 





Cm-iidc/(r;,_i){g-2} 

* 



where Cfc^, cj!^, Cm-i, c^_i and cj^_i are non-zero scalars. 

Now apply Gaussian Elimination (Lemma l7.16l) to c'^idQ^(^Y'i^){[m-k]q''-"^-^} in ''fc 



V 1/ 



for fc = fco, fco + 1: ■ • ■ , ^ 1 in that order. We get that Cf{ 



) is homotopic 



to 



^ Cj(r„,i) . 



C/(r„){5-i} 8+_^ 5+ Cj(rfc_^i){9''-"} 5 + 

e >•■■ — ^ e — ^ 

C/(r;„_i) Cy(r;,) 

where 

(7.25) 6+ =i ^ forfco<fc<m, 

(7.26) 6+ ^ 
Next we determine From (|7.24p . we have 

C/(rm+i) 



«0 , 



kg- 



Ckdt+i 















C/(rm,i) 



C/(ri_i) 
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Under this decomposition, c)+ is represented by a 2 x 2 matrix. By Lemmas 17.91 
17.141 and 17.151 we know that 



(7.27) 5 



+ 



where Cm and c^j are non-zero scalars. So C/( \/ " ) is homotopic to 



0^ ffi © S © ^ Cf{Ti, ){q''0 i "I^O, 

where ^+ , . . . , 6^^ are given in fTTb^i . ((7:^ and ([723) • 
Recall that, by Lemma [6.141 

, jCfiT'l) © C/(rLi) if fco + 1 < Z < m - 1, 

By Proposition 16. 2dl under the decomposition 

C/(rfc+i){g'^"'"} 



we have 



C/(rfe+i){g'^"'"} 

© 



© 



(7.28) 5+ ^ I Cidc^.(r^_j 



(7.29) 5+ ~ I c'l'k\cf(T'i_^) iorko + l<k<m, 

' / 

where cj!' is a non-zero scalar for fco + 1 < ^ < 'ti. Since C'/(r'j.^) ~ (^/(rfco); we 
have 

C/(rfe„+i){g'=»-™} C/(rfe„+i){g'=o-"} 



and 



(7-31) ^ ( c,„d++i, * ) , 

where cl" , , is a non-zero scalar. 

V 

Putting these together, we know that Cf{ \/ " ) is homotopic to 
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c^{r„){?-i} 

0-+ ® Cf{r'^_^) > 2 > ® — 2^c^(rfc ){,'=o-i-"'}^o, 

where 6+ , . . . , 3+ are given in (17:28)) . fTM)) . (fflSO)) and (fTSTI) . 

Applying Gaussian Elimination fLemma 17.16^ to c'^"idc^.(r" ) in 0^ for fc = 

V ]/ 

TO, m — 1, . . . , fco + 1, we get that Cf{ 



" ) is homotopic to 



Cy.(r„+i) Cf(r^){q-^} 



C/(rfc + l){g'=-'"} 



it 



where 6^ ~ '^fc^fe+i f'^'' = to, to — 1, . . . , fco. Recall that c^; ^ for fc = m, . . . , fco- 
So this last chain complex is isomorphic to Cf{ \^ ) in Ch''(hnif). Therefore, 




□ 



Proof of homotopy equivalence (|7.3p . We are trying to prove that 



Recall that the chain complex Cf{ 



)is 



, c^'(rfc,o){'j'"+'-'=} 

C/(rfc_i,l){q'" + l-''} 



where fco = max{m — n, 0} as above and 

d: 



^0 





for ko < k < TO, 



5m = ( X° -C«m-1 ) ■ 

From (|7.18p . we have 

Q(rfc,o) ^ C/(f ,) ® Q(n){[m - fc]}. 
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(Here, we identify both sides by the homotopy equivalence given in ()7.23|) in Corol- 
lary [TjH) By Corollary 13.111 and Decomposition (II) (Theorem 13. 12p . we have 

Cf{Tk,i) ^ Cf{T',){[m + 1 - fc]} = Cf{Ti){q'^-"^} © Cf{T',){[m - k] ■ q}. 



Therefore, 



© 



and 



So, Cf{ 



is isomorphic to 



Q(r.){g™+i-n 

© 

Q(r',){[m-fc]g™+i-n 

© 

© 

Q(r'fc_i){[m + i-fc]g™+2-n 
C/(ffe„){g"+i-'=°} 



for ko < k < m. 



Cf{r'J{[m^ko]q"^+'-'^^'} 



n+l-ko 



Cf{r'){[m-ko]q"'->-^-''o} 



C/(ri^){[m-felq" + l-'=} 

© 

C/(rl,_i) 
C/(r;,_i){[m+ 1 - fc]9"+2-''} 



C/(r„){9} 

e 

C/(r'„_i){92} 



In this form, for fco < fc < m — 1, 0^, is given by a 4 x 4 matrix (Oj,.^ j)4x4- Clearly, 
^M.^^Ofo'^ (*,j) = (l,3), (1,4), (2,3), (2,4). 



''fc;i,i ~ 



By Lemma [7T8| 
By Lemma W7j\ 



Using the homotopy equivalence given in (|7.23p . the definition of jSk and that Pk o 
F/j, ~ 0, we know that 



0, 
id 



By Lemma |7.17[ we have 



C/(r;,){[m-fc]?'"+i-fc} 



Altogether, we have that, for fco < fc < m — 1, 



\ c^'idc/(ri^){[m-fe]9"'+i-'=} * / 



fc}. 







\ 
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where Cfe, cj. and c'l are non-zero scalars and * means morphisms we have not 
determined. Similarly, 



V 4'oidc^(r',J{[m-feo]9'"+i-'"o} / 

Cm-lC^m_l * 



* 

Cm-lidc/(r'„_i){g2} * 

where Ck^, c'^'^, Cm-i, c'„_]^ and c"j_]^ are non-zero scalars. 

Now apply Gaussian Elimination (Lcmma l7.16p to c'^!id(7j,(r'^){[,„_fc]<j™+i-fc} in 0^ 



for fc = fco, fco + 1, . . . , m — 1 in that order. We get that Cf{ 



) is homotopic 



to 

where 

(7.32) hi : 

(7.33) 57 : 



C/(r'fc_i) 



C/(r;„-i) 



C/(r„,i) ^ 0, 



Ckd^ 















: 1 





for ko < k < m, 



Next we determine By Decomposition (V) (more specifically, (|7.24p ). we have 

C/(r„i+i) 
C/(r„,,i) ~ ® 

C/(rm-i) 

Under this decomposition, 0~ is represented by a 2 x 2 matrix. By Lemmas 17. 9[ 
17.141 and l7.15i we know that 



(7.34) 



„/ p 

where Cm and c'^ are non-zero scalars. So Cf{ \y " ) is homotopic to 



C(r„){9} 

© 

C(r;„_i) 



C{r„+i) 

ffi 

c(r;;„i) 



where D" , . . . are given in ([73^ . (f05)) and (TTM)) . 
Recall that, by Lemma [6.141 



Cfir'k) 



Cf(T'^) (B C/(r;!„i) if fco + 1 < / < m - 1, 
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By Proposition 16 . 20[ under the decomposition 

C/(rfe){(?'"+^-'=} 



C/(rLi) 



Cf{n-2) 



we have 

(7.35) 6- 

(7.36) 5, 



c 

'--rn "jri 



:idr 



/ ' 



Ckdu 





I for fco + 1 < ^ < TO, 



where cj!' is a non-zero scalar for fco + 1 < A: < m. Since C/(r'j. ) ~ C/(rj^' ), we 



have 

and 
(7.37) 

(7.38) 



C/(rfc„+i){9"-'n C'/(rfe„+i){'?"~'n 

© © 

C/(r;,j c,(ri;) 



feo + l 



■'fco + 1 








where c'^'^^i is a non-zero scalar. Putting these together, we know that C / ( 
is liomotopic to 

Cy(rfc){g'"+i-''} 

o^C'/trfco — ^ ffi ° ) ----^ Cf(^k^i) -i^-.-^ e ^0, 



where c);;, . . . , Oj,^ are given in ([^35)1 . (fOGl) . (fOT)) and (fTSSl) . 
Applying Gaussian Elimination (Lemma I7.16P to cj^'idc^. (p'^; 

TO, m — 1, . . . , fco + 1, we get that C / ( ) is homotopic to 



^ C/(rfc){q'"+l-'=} ^ 



Q(r,„+i) ^ 0, 



where Oj, ~ Cfedj, for fc = to, . . . , fcp. Recall that Ck for fc = to, . . . , fco- So this 



last chain complex is isomorphic to C/( 



) in Ch^(hmf). Therefore, 
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8. Invariance under Reidemeister Moves 

In this section, wc prove that the homotopy type of the chain complex associated 
to a knotted MOY graph is invariant under Reidemeister moves. The main result 
of this section is Theorem 18.11 below. Note that Theorem 11.11 is a special case of 
Theorem [Sn 



Theorem 8.1. Let Dq and Di be two knotted MOY graphs. Assume that there is 
a finite sequence of Reidemeister moves that changes Dq into Di. Then CflDo) ~ 
Cf{Di), that is, they are isomorphic as objects o/ hCh'^(hmf). 

We prove Theorem 18.11 by an induction on the colors of edges involved in the 
Reidemeister moves. The starting point of this induction is the following theorem 
by Krasner [S]. 

Theorem 8.2. [51 Theorem 14] Let Dq and Di be two knotted MOY graphs. As- 
sume that there is a Reidemeister move changing Dq into Di that involves only 
edges colored by 1. Then C/(Do) — Cf{Di), that is, they are isomorphic as objects 
o/hCh''(hmf). 

Proof. Krasner [5] proved the invariance under Reidemeister moves I, Ila and III. 
We only need to prove the invariance under Reidemeister Move II;, , which we prove 
using the argument in [S]. 




do, 



where 



d-i 
do 



Xi ower 


Aupper 



( x° 



upper "> 



Xlo 



and xL 



r 1 X 



upper 



are the apparent ^-morphisms. 



From the proof of Decomposition (III) (Theorem 15.41 ') we know that there is a 
morphism 



l) 



such that p o Xiower — ^^'^ kernel of p is the image of 



0, 
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where l is the morphism induced by the apparent circle creation. Thus, applying 
Gaussian Elimination (Lemma 17.161 ) we get 




){q1-^}(1)©Q(. 



do 



C/( 



">o," 



where Jq = {xlpper ° Xlower)- 

By Decomposition (III) (Theorem 15.41 ) there is a homotopy equivalence 



){[N-2]}{l)^Cf{, 



0- 



From the proof of Decomposition (III) (Theorem 15. 4[ ) one can see that 

1 1 

){gi-^}eQ( 



){[iV-2]}(l) \ C,( 



is a homotopy equivalence of matrix factorizations. Applying Gaussian Elimination 
(Lemma 17. 16p to this homotopy equivalence, we get 




) 0." 



Thus, C/ is invariant under Reidemeister move lib of edges colored by 1. 



□ 



In the rest of this section, we prove Theorem 18.11 by an induction based on 
Theorem l8.21 which is a straightforward generalization of the proof of [501 Theorem 
13.1]. 

8.1. Invariance under Reidemeister moves Ila, lib and III. 

Lemma 8.3. Let Dq and Di be two knotted MOY graphs. Assume that there 
is a Reidemeister move of type Ila, Hb or III that changes Dq into Di. Then 
Cf(Do) ~ Cf{Di), that is, they are isomorphic as objects o/ hCh'^(hmf). 

Proof. The proofs for Reidemeister moves IIq, II^ and III are quite similar. We 
only give details for Reidemeister move IIq here and leave the other two moves to 
the reader. 

For Reidemeister move IIq. we need to show that 



(8.1) 
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By Theorem 18.21 ()8.ip is true if m = n = 1 . Assume there is a fc £ N such 
that ()8.1|) is true for 1 < m, n < fc. Consider that case 1 < m, n < fc + 1. By the 
assumption and Theorem 1 7. 1[ we know that 



Cfi 1 1 




m — 1 




According to Decomposition II (Theorem 13.121 ') this means that, for 1 < m,n < 
fc + 1, 



" ){HW}^Q("Q'"){M[n]}. 

r 

Then, by [20l Proposition 3.20], we know that (|8.1|) is true for 1 < m, n < fc+1. □ 



8.2. Invariance under Reidemeister move I. This proof of invariance under 
Rcidcmcister move I is shghtly more complex and requires the foUowing lemma. 

Lemma 8.4. 




){'7"}, Cfi 




Cfi 



)^Cfi 



Cfi 




)^Cf{ 



where "~ " is the isomorphism in hCh''(hmf). 

Proof. The proof of Lemma 13.6] applies here without change. 
Lemma 8.5. 



□ 



(8.3) 



Cfi\^ ) ^ Cfi 



-m(N+l-m) 



C/([q ) ^ Cfi 



)(m)||-m||{g'"("+i-™)}. 
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Proof. We prove (|8.2p by an induction on m. The proof of (|8.3p is similar and left 
to the reader. If m = 1, then (|8.2p follows from Theorem 18.21 Assume (|8.2p is true 
for m. Consider m + I. 
By Theorem 17. 11 wc have 



m+l 





Since (18.21) is true for 1, we know that 



,m+l 





From Lemma ESl one can see that 




m+l 



m+l 
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Since (18.21) is true for m, we know that 



m+l 



m+l 



m+l 



By Lemma we know that 



m+l 





m+l 



m+l 

Putting these together, we get that 

■m+l 





i)(m + l)llm + lll{g-(™+i)(^-™)}. 



m+l 



By Decomposition II (Theorem l3TT2|) and [20l Proposition 3.20], it follows that (fa!2|) 
is true for m + 1. This completes the induction. So (|8.2p is true for all m. 

By (|8.2p , (|8.3p and the normalizations in Definition 16.111 one can easily see that 



□ 

We have now proved Theorem 18.11 and . therefore, Thcorcm ll.il 

9. Deformations of the Colored s[(A^)-Homology over C 

In this section, we study properties of deformations of the colored s[(A^)-homology 
over C and prove Theorem 11.21 
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9.1. Definition and invariance. First, let us recall the definition of filtered ma- 
trix factorizations. For simplicity, we only define filtered matrix factorizations over 
a graded ring with graded underlying modules. See for example |19| for a more 
detailed discussion. 

Definition 9.1. Let i? be a graded commutative unital C-algebra. Fix an integer 
N > 2. Let w be a (not necessarily homogeneous) element of R with deg w < 2N+2. 
A filtered matrix factorization over R with potential it; is a collection of two graded- 
free i?-modules M°, AI^ and two i?-module homomorphisms dP : M° — >• M^, 
: ~> A/", called differential maps, such that 

o ~ w ■ id A/0 , d^ o d^ = w ■ id^/i • 

and 

d° e J"^+iHom/^(A/0, A/1), e 7'^+iHomij(A//i, A'/"), 

where F denotes the filtrations on MovuniM^ , M^^) and Hom/j(Af i. A'/") induced 
by the gradings of and Af^. 

We usually write such a matrix factorization M as 

AfO % A'/i ^ A/0. 

Let r be a MOY graph with a marking, and Xi , . . . , X„j the alphabets associ- 
ated to the internal marked points on F and Ei, . . . , E; the alphabet associated to 
end points of F. Recall that C/(r) is a Koszul matrix factorization over the ring 
R = Sym(Xi| . .. |X™|Ei| ... |E/) ®c Rb, where Rb = C[Bi, . . . , Bn]- The total 
polynomial grading of R is given by deg = 2k and the grading of each alphabet 
(that is, each indeterminate in X.^ or Ej has degree 2.) Under the total polynomial 
grading of /?, C/(F) is graded. We view C/(F) as a graded matrix factorization 
over Rq = Sym(Ei| . . . |E;) ®c Rb, where Rq is given the total polynomial grading, 
that is, the grading inherited from R by viewing Rg as a subring of R. 

Note that there is a grading of R given by deg Bk = and that every indetermi- 
nate in each X^ has degree 2. We call this grading the quantum grading of R. Rq 
inherits this quantum grading. Note that C/(F) is a filtered matrix factorization 
over Rq under the quantum grading. 

In the rest of this section, we denote by deg-p the degree associated to the to- 
tal polynomial grading and by degg the degree associated to the quantum grad- 
ing/filtration. It is clear that 

(9.1) degg V < degrp v for any v G C/(F). 

Let F' be an MOY graph that has the same boundary condition (and boundary 
marking) as F. Then, for any /?a-modulc homomorphism F : C/(F) C/(F'), one 
can see that 

(9.2) degQf^<degj,F. 
For &i, . . . ,6Ar G C, let 

n:Rg^ Ro/{Bi - h, . . . , Bn - = Rg := Sym(Ei| . . . \Ei) 

be the standard projection. Note that Rg comes with a natural grading given by 
that every indeterminate in each E^ has degree 2. We call this grading the quantum 
grading of Rg. Then tt preserves the quantum grading. 
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Denote by Ra — Mod^'^ and i?a — Mod^'^ the categories of graded-free modules 
over Rg and Rg. Then tt induces a functor Rg — Mod^'^ ^ Rg — Mod^"^ which 
preserves the quantum grading. Let w be an element of Rg homogeneous under the 
total polynomial grading with deg^ w = 2N + 2. 

Denote by hmf^^ ^^^y-) the homotopy category of homotopically finite matrix 
factorizations over Rg with potential Tr{'w) whose quantum filtration is bounded 
below. (The morphisms of hmf'^^ ^^^-j are homotopy classes of morphisms of matrix 
factorizations preserving the Z2-grading and of filtered degree < 0.) 

Then Rg — Mod^'^ ^ Rg — Mod^'^ induces a functor hmf^^ ^ hmf ^^(tD) 
that preserves the Z2-grading and the quantum filtration, which, in turn, induces 
a functor hCh''(hmf^^ ^ hCh''(hmf ,^(^)) that preserves the Z2-grading, the 
quantum filtration and the homological grading. 

Definition 9.2. Let D be a knotted MOY graph. Define Cf^^{D) = m{Cf{D)). 

Theorem 9.3. Let D and D' be two knotted MOY graphs. Assume that there is 
a finite sequence of Reidemeister moves that changes D into D' . Then Cf^T^{D) ~ 
C/_7r(-D') as objects o/ hCh'^(hmf jr(io))- That is, the homotopy type of Cf^T^{D), 
with its 'L2-gfo,ding, quantum filtration and homological grading, is invariant under 
Reidemeister moves. 

Proof. By Theorem O Cf{D) ~ Cf{D'). That is, there are chain maps F : 
Cf{D) ^ Cf{D') and G : Cf{D') -> Cf{D) preserving the Zz-grading, the total 
polynomial grading and the homological grading that satisfy 

G o F ^idcf{D) and F o G ^ idcf{D')- 

Consider the chain maps uj{F) : Cf,Tr{D) Gf^T:{D') and w{G) : Cf,T,{D') 
Gf,Tr{D). Clearly, they preserve the Z2- and homological gradings. By ()9.2p . they 
also preserve the quantum filtration. Moreover, we have 

zu{G)ozu{F) ~ m{idcj,(D)) = idc/,^(D) and ■w{F)ow{G) ~ w{\dcj{D')) = idc/., (£>')■ 

Thus, Cf^^{D) ~ C/,^(L>')- □ 

9.2. The Z2-grading and the spectral sequence. To prove the purity of the 
Z2-grading of Gf^Tr{D) and construct the spectral sequence connecting H{D) to 
Hf,Tr{D), we need to first establish a simple relation between Cf^T^{D) and C{D). 

First, note that the functor vdq defined in Corollarv l2.7l is the special case of the 
functor w when 61 = • ■ • = 6jv = 0. 

Second, defined k : Rg — > Rg by letting nir) = the top homogeneous component 
of r. Note that K(rir2) = ii{ri)n{r2) for all ri, r2 G Rg. If M is a finitely generated 
graded-free i?a-module, then k induces a map k : A'/ — s- M . Let M and M' 
be graded-free i?a-modules with gradings bounded below, and J- the filtration on 
Hom/{g(M, M') induced by the gradings of M and A/'. Then k induces a map 
K : Uj-g^ J^*Hom/jg (Af, A/') Homing (Af, Af'), which preserves composition and 
tensor product of homomorphisms. 

Lemma 9.4. Suppose that M and M' are graded-free Rg-modules. If F G Uiez -^*Homflg(A'f, M') 
is a Rg-module homomorphism homogeneous under the total polynomial grading 
with deg-p F = degg F, then tno(F) = k{vj{F)). 

In particular, if w & Rg is an element homogeneous under the total polyno- 
mial grading such that degy w — degg w — 2N + 2, then, for every object M of 
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hmfjjg 7r(u)); there is a uniquely defined object k{M) of hvaing -j^^i^^^y And for every 
object M o/hmf^^ ^, we have zuo{M) = k{zu{M)). 

Moreover, if M and M' are objects of hmf^^ ^ and F : M ^ M' is a mor- 
phism of matrix factorizations homogeneous under the total polynomial grading with 
dcgy F = degg F, then wo{F) = k{w{F)). 

Proof. The first part of the lemma follows easily from the definitions oi k, w and 
tjJq. The second part of a straightforward application of the first part. □ 

Remark 9.5. The condition "degy F = degg i^" is necessary in Lemma [9.41 Also, 
K is not a functor from hmf ^^^-^ to hmfjjg 7ro(u>)- 

Corollary 9.6. Let D be a knotted MOY graph. Then K,{Cf^T,{D)) = C{D) as 
objects o/Ch''(hmf). 

Proof. Put a marking on D and let D' be any piece of D from this marking. If 
D' is an embedded MOY graph, then k(C/,^ (£>')) = C{D') by Lemma [931 If D' 
is a colored crossing, then k{C f^T^{D')) is a chain complex with the same terms 
as C{D'). By the definitions of the differential maps of Cf{D') and C{D') and 
Corollary 16. 22[ we know that the total polynomial degree and the quantum degree 
of the differential map of Cf{D') are both 0. So, by the last part of Lemma [9.41 
we know that the differential maps of n{C f^Tr{D')) and C{D') are the same. Thus, 
k{C f Tr{D')) ~ C{D') in this case too. Since k preserve tensor product, we have 
K{Cf,^{D)) ^ C{D). □ 



Figure 36. 

Let F be a closed (embedded) MOY graph. Replace each edge of F of color m 
by m parallel edges colored by 1 and, at each vertex of F, match the incoming and 
outgoing edges in linear order without creating any intersection. That is replace 
each vertex of F by the configuration in Figure jSHl where each strand is an edge 
colored by 1. This changes F into a collection of disjoint embedded circles colored 
by 1. As in [20], we define the colored rotation number cr(F) of F to be the sum 
of the rotation numbers of these circles. Denote by if^'*(r) subspace of -ff(F) of 
homogeneous elements of Z2-degree e and quantum degree i. The following is part 
of [101 Theorem 14.7]. 

Lemma 9.7. [201 Theorem 14.7] If T is a closed (embedded) MOY graph, then 
i?"(r)-i.»(F) = for all i G Z. 

Denote by Hj^{r) the subspace of Hf^T^iT) of elements of Z2-degrec e. The 
following is a generalization of [191 Proposition 2.19]. 

Proposition 9.8. Let T he a closed (embedded) MOY graph. Then 

(9.3) Hj}r~\T) = 0, 

(9.4) F^HJP{T)/F''-^HJ^J\t) 9a H"-'^^^'''{r) for allkeZ, 
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where T is the quantum filtration on Hf^-^{T). 

Moreover, the isomorphism (|9.4p is natural. That is, ifV is also a closed (em- 
bedded) MOY graph and G : Cf(T) — > Cf(T') is a morphism of matrix factorizations 
of Z2-degree cr(r) — cr(r') that is homogeneous under the total polynomial grading 
with degj'G = deggG ~ i, then (wq(G)),, : H{T) — >■ -ff(r') is compatible with 
(zu{G))^ : Hf^T^iT) — i- Hf^TjiV') under the isomorphism (|9.4[) . 

Proof. (The proof is identical to that of jl9[ Proposition 2.19].) The matrix factor- 
ization C/,7r(r) has potential and is therefore a chain complex. Using the usual 
notation for matrix factorizations, we write C/,7r(r) as 

Note that the quantum grading of M° © is bounded from below. Since the 
quantum filtration F of C/,7r(r) is induced by the quantum grading of M° © , 
we know that T is bounded below and exhaustive. 

Also one can see that the quantum degrees of elements of have the same 
parity, and the quantum degrees of elements of have the same parity, while 
these two parities differ by TV + 1 . 

The differential maps do and di have quantum degree iV + 1. Recall that C/.7r(r) 
is a Koszul matrix factorization. From the definition of Cj\-„{T), one can sec that 
the lowest homogeneous components of do a-nd di have quantum degree > 1 — A^. 
So, for e G Z2, de has a decomposition 

N 

where d^P is a homogeneous linear map of quantum degree + 1 — 2/. Consider 
the homogeneous parts of de o d^-i = and d^-i o = of degree 2{N + 1 — 1). 
It is easy to sec that 

(9.5) dWodf_\=Oand ^ 4^2iodW==0. 

j+k=l, 0<j.k<N j+k=l, 0<j,k<N 

It is clear that K{d^) = di^-* and therefore the matrix factorization C(T) of 
potential is given by 

We prove (|9.3p first. To simplify notations, wc set eo = cr(r). Let a G AI^°~^ 
be a cycle of quantum degree g. That is, d^^-ia ~ and 

00 

a= ^ afe, 

k= — oo 

where ak is a homogeneous element of degree g — 2k satisfying ak ~ for fc < 
and ak ~ for k » 1 (since the quantum grading is bounded from below.) 

We construct by induction a sequence {l3k}°°oo C M'^", such that (3k is a homo- 
geneous element of degree g — 2fc — A^ — 1, /3/£ = 0forA:<0, and 

N 

(9.6) afc = ^4'„) 
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Of course, we have /3fc = for fc > > 1 since the quantum grading is bounded from 
below. 

By definition of and /3fe, (|9.6p is true for fc < 0. Assume that we have found 
{Pk}-^^ C A'P" so that ((g^ is true for fc < m. Let us find a Consider the 
homogeneous part of d^g^ia = of degree N + 1 + g — 2m. We have that 

N N 

;=o 1=1 

N N 

1=1 j=0 
2N 

A;=l l+j=k, 1<1<N, 0<j<N 
N N 

- 4o-i«™-E4o'-i4?/5™-/.- = 4o-i(«™-E4?/^™-fc)- 
fc=i fe=i 

By Lemma [9Jl i7'^°-i(r) = 0, that is, ker4°U = Im4o'- So there exists a 
homogeneous element of M'^° of degree g — 2m — iV — 1 such that 

TV 
k=l 

This completes the induction. 
Now , we have 

oo oc N 

« = E "'^= E E4'i/3-^ 

k— — oo k— — oo l—O 

N oo N Qo 

= E<'(E /?^-o-E4:nE 

A;— — cx) /— J — — oo 



4o( E /^j-)- 



] = -oo 

This shows that kerdj(,_i = Imd^^ and therefore H'j°^^{T) ~ 0. 

Next we prove (|9.4p . Let (ker4o'')fe be the subspace of ker4o'' consisting of ho- 
mogeneous elements of degree /fc. Define 0fc : (ker4?)fe J'''Hf;^{r)/J'''-^Hf;^{T) 
as following. 

For a € (ker4o'')fc, construct by induction a sequence {Q;;}g° C , such that 
ao = a, ai is a homogeneous element of quantum degree k — 21 and, for I > 0, 

/ 

(9.7) ^ 4f>z_j = 0, V Z e Z, 

where we use the convention that def,' = for j > A^. Note that a; = for 
I » I since the quantum grading is bounded from below. Clearly, (j9.7p is true 
with ao = oi- Next, assume that, for some m > 1, we have found such 
that (|9.7p is true for < Z < m. Let us find an am- 
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Consider 

m m 

m — 1 p 

(set p = m- J +1) = -5]^4:_7)42a,_, 

m — 1 p 
p=0 1=0 

(by induction hypothesis) = 

But H^°^^{T) = 0, i.e. keTd!fJ_i = Imd^^g' . So there exists a homogeneous element 
am G of degree k — 2m such that 

This completes the induction. 
It is clear that 

oo 
(=0 

Note the sum here is in fact a finite sum. Define 

oo 
1=0 

Wc need to check that 6k{ct) is independent of the choice of the sequence {ai}"^. 
This is easy. Let {Q;J}g° another such sequence. Then 

OO CXD OO OO 

1=0 1=0 1=1 1 = 1 

So 

OO OO 

1=0 1=0 

Thus, Ok : (ker4o^)fe ^ Hf.^{T) / F^-^ Hf.^{V) is well defined. It is straightfor- 
ward to check that Ok is C-linear. 

Note that any element of J-^ H^j\{T) is represented by a cycle of the form 
^°^Q aj, where aj S M^" is a homogeneous element of quantum degree k—2j. Con- 
sidering the top homogeneous part of d^^ (Sjlo '^j) — 0' see that 4°'' (ao) = 
0. It is then easy to check that Okiao) = [E^o "j] ^ •?^''if/°^(r)/J"''"^i?|°^(r). So 
9k is surjective. 
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Next, we compute ker6'fc. Let a G ker^fe. That is, for the above constructed 
sequence {a/}o°, we have 

oo 

(9.8) =d,„_i/3 + 7, 

/=o 

where 7 is a cycle in iF^~'^M^°, and /3 G M^°~^ . This equation impHes that 
S F^M"^" . We claim that we can choose /? so that degg j3 < k — N — 1. 
Assume that degg /3 = g > fc — A^— 1. Let /3o be the top homogeneous part of 

p. Comparing the top homogeneous part in (j9.8p . wc have d^^Li/^o — 0. So there 

exists a homogeneous element ^ e Af ' of degree g — N —1 such that cjip'^ = /3o- Let 
(3' = /3 - deot Then /3' also satisfies (P^ . and degg /?' < degg /? - 2. Repeat this 
process. Within finite steps, we can find a /3 with degg (3 < k — N — 1 that satisfies 

(|9.8p . Now let (3 be the homogeneous part of (3 of quantum degree k — N ~ 1. By 

(|9.8p . one can see that a = ao = d^°J_i^. This shows that kerOk C {lmdfj_^)k, 

where {lmd^^J_^)k is the subspace of Imd^^^ j^ of homogeneous elements of quantum 
degree k. 

On the other hand, if a G (lind^f^_i)k, then there is a homogeneous clement 
l3 £ A/^o^i of quantum degree A: - A - 1 with ^o-i/^ = that 

00 

^ai = deo-iP + j, 
1=0 

where 7 = —d^g-i/3 + J^h^o ^ cycle in J''^~^M'^". This shows that a G ker6'fc. 
Thus, ker^fc = {lmd^^^_i)k- Therefore, 0k induces an isomorphism 

Ok : H^»-''ir) = (ker4^)),/(Im4°L J, ^ -F'^i?|°jr)/^'^-ii/|°jr). 
This proves 

It remains to prove the naturality. Let a be a homogeneous cycle in C{T) of 
Z2-degree cr(r) and quantum degree k. Then, from above, we know that there 
is a sequence {q;;}§° C C'{T), such that ag = a, a; is a homogeneous element of 
Z2-degree cr(r) and quantum degree k — 21 and equation (|9.7p is true. Also, there 
is a sequence {ajjg" C C(r') satisfying that = (n7o(G))(Q!), aj is a homogeneous 
element of Z2-degree cr(r') and quantum degree k + i — 2l and equation (|9.7p is true 
for {ajljf. So X;/=o "! a cycle in J^'=+^C/,^(r') of Za-degree cr(r'). Moreover, it 
is easy to see that {vd{G)){J2Zo " T,Zo "J ^ J^''+'-^C/^^(r'). 

Denote by 0^ and 9'/^ the homomorphisms defined for F' corresponding to 6k and 

dk. Then, as elements of '(r')/J''=+*"^i?"f '(F'), 

00 00 

0V,((^o(G))(«)) = [^a;] = [(n7(G))(^aO] 

00 

= (n7(G)),[^a,] = (tu(G)),(0fe(«)). 
1=0 
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This shows that the diagram 

7jcr(r),fc(p) 



(t^o(G)). 

jjciir'),k+ifY/^ . 



commutes. 



□ 



Let Z? be a closed knotted MOY graph and F any complete resolution of D. Note 
that cr(r) does not depend on the choice of F. To each crossing c of D, associate 
an adjustment term a(c) £ Z2 defined by 




= a 



/ V 




m if TO = n, 
if TO 7^ n. 



Define tc{D) := cr(F) + a(c) £ Z2, where the sum is taken over all crossings of 
D. One can see that tc(£') is invariant under Reidemeister moves and unknotting 
(switching the above- and below- strands at a crossing.) Therefore, if Z? is a link 
diagram, it is easy to check that tc(D) = tc{D) e Z2, where tc(I?) is the total color 
of D, that is, the sum of the colors of all components of D. 

Theorem 9.9. Let D be a closed knotted MOY graph. Then the subspace of 
Hf^T^{D) of elements of Zi2-degree tc{D) + 1 vanishes. 

Moreover, the quantum filtration of Cf.-n{D) induces a spectral sequence con- 
verging to Hf,Tt{D) with El-term isomorphic to the colored s{{N) -homology H{D) 
defined in [201 . 

Proof. The fact that the subspace of Hf^.^{D) of elements of Z2-degree tc(I?) -I- 1 
vanishes follows from (j9.3p in Proposition 19.81 and the normalization in Definition 

Recall that, when D is closed, all complete resolutions of D are also closed 
and their matrix factorizations are in fact chain complexes. Denote by dmf the 
differential map of these matrix factorizations/chain complexes. Then Hf^T^{D) is 
defined to be the homology of the filtered chain complex H{C f^T^{D),dmf)- It is 
easy to see that filtration on H{Cf^Tr{D),dmf) is bounded below and exhaustive. 
So it induces a spectral sequence that converges to Hf^Tr{D). By Proposition 19.81 
the EQ-tevm of this spectral sequence is isomorphic to the graded chain complex 
H{C{D), dmf). So its i?i-term is isomorphic to H{D). □ 

It is clear that Theorem 11.21 follows from Theorem 19.31 and Theorem 
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